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We consider a simple model of competition under moral hazard with constant return technologies. We consider 
preferences that are not separable in effort: marginal utility of income is assumed to increase with leisure, 
especially for high income levels. We show that, in this context, Bertrand competition may result in positive 
equilibrium profit. This result holds for purely idiosyncratic shocks when only deterministic contracts are 
considered, and extends to unrestricted contract spaces in the presence of aggregate uncertainty. Finally, these 
findings have important consequences upon the definition of an equilibrium. We show that, in this context, a 
Walrasian general equilibrium a la Prescott-Townsend may fail to exist: any 'equilibrium' must involve rationing.  
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Frqvlghu dq hfrqrp| zkhuh d odujh qxpehu ri lqvxuhuv frpshwh e| rhulqj lqvxudqfh
frqwudfwv wr d frqwlqxxp ri djhqwv rzlqj d ulvn| hqgrzphqw1 Wkhvh hqgrzphqwv duh
dhfwhg e| wzr w|shv ri vkrfnv1 Rqh lv lglrv|qfudwlf> wkh rwkhu lv dq djjuhjdwh vkrfn
dhfwlqj wkh hfrqrp| dv d zkroh1 Wkh suredelolw| ri rffxuuhqfh ri wkh lqglylgxdo
vkrfn lv dhfwhg e| vrph xqrevhuydeoh suhyhqwlrq hruw vxssolhg e| wkh djhqw/ zkloh
wkh djjuhjdwh vkrfn lv h{rjhqrxv1 Ilqdoo|/ djhqwv kdyh jhqhudo YQP suhihuhqfhv
h{klelwlqj ulvn dyhuvlrq/ dqg wkh lqvxudqfh whfkqrorj| lv olqhdu dqg lqyroyhv qhlwkhu
iulfwlrqv qru {hg frvwv1 Zkdw zloo wkh rxwfrph ri frpshwlwlrq eh lq wklv hfrqrp|B
Wzr dowhuqdwlyh uhsuhvhqwdwlrqv ri frpshwlwlrq xqghu dv|pphwulf lqirupdwlrq
kdyh ehhq dgrswhg lq wkh olwhudwxuh1 Iroorzlqj wkh *vwudwhjlf* dssurdfk/ lqvxudqfh
frpsdqlhv vlpxowdqhrxvo| rhu frqwudfwv wkdw duh wkhq sxufkdvhg e| wkh djhqwv/ dqg
wkh frpshwlwlyh rxwfrph lv prghoohg dv d Qdvk htxloleulxp ri wklv wzr0vwdjh jdph41
Iurp wklv shuvshfwlyh/ rxu hfrqrp| fdq eh ylhzhg dv d prudo kd}dug frxqwhusduw ri
Urwkvfklog dqg Vwljolw}*v prgho ri frpshwlwlrq xqghu dgyhuvh vhohfwlrq1 Dowhuqdwlyho|/
rqh fdq/ iroorzlqj wkh vhplqdo frqwulexwlrq ri Suhvfrww dqg Wrzqvhqg +4<;7d,/ dqd0
o|}h wkh hfrqrp| iurp d Zdoudvldq ylhzsrlqw1 Wkhq dq htxloleulxp lv ghqhg dv d
vhw ri pdunhw0fohdulqj *sulfhv*/ zkhuh wkh fruuhvsrqglqj *frpprglwlhv* duh frqwudfwv
lq d jhqhudo vhqvh/ l1h1 frqwlqjhqw orwwhulhv rq frqvxpswlrq dqg hruw1 Lq erwk fdvhv/
lw kdv ehhq uhfrjql}hg wkdw wkh rxwfrph ri frpshwlwlrq ghshqgv rq wkh vhw ri dydlo0
deoh frqwudfwv1 Iru lqvwdqfh/ li lqglylgxdo duh qrw deoh wr vljq +dqg hqirufh, h{foxvlyh
frqwudfwv/ wkhq wkh vwudwhjlf htxloleulxp qhhg qrw frlqflgh zlwk d Sduhwr h!flhqw
doorfdwlrq51 Dovr/ lw lv zhoo nqrzq wkdw h!flhqf| pd| lq wklv frqwh{w uhtxluh udqgrp0
l}hg frqwudfwv1 Li orwwhulhv duh qrw hqirufhdeoh +l1h1/ rqo| *ghwhuplqlvwlf* frqwudfwv fdq
eh lpsohphqwhg,/ wkhq djdlq wkh frpshwlwlyh rxwfrph pd| idlo wr eh +vhfrqg ehvw,
h!flhqw16
Doehlw wkh uhvxowv suhvhqwhg ehorz krog erwk zkhq orwwhu| frqwudfwv duh hqirufhdeoh
dqg zkhq rqo| ghwhuplqlvwlf frqwudfwv fdq eh lpsohphqwhg/ rxu pdlq lqwhuhvw/ lq wkh
suhvhqw sdshu/ lv wkh sxuh prudo kd}dug +SPK, frqwh{w/ zkhuh xqrevhuydelolw| ri hruw
lv wkh rqo| uhvwulfwlrq rq djhqwv* wudghv +l1h1/ frqvxpswlrqv dqg wudghv duh revhuydeoh
dqg frqwudfwleoh/ orwwhulhv duh hqirufhdeoh/ hwf1,1 Wkh uhdolvp ri wklv iudphzrun fdq
eh txhvwlrqhg/ dqg udlvhv vhyhudo gl!fxow lvvxhv +iru lqvwdqfh/ lv lw srvvleoh wr prqlwru
lqglylgxdo frqvxpswlrqv ru wr hqirufh orwwhu| frqwudfwvB,1 Vwloo/ zh eholhyh wkdw wkh
SPK fdvh lv wkh qdwxudo ehqfkpdun iru d vwxg| ri wklv nlqg/ li rqo| ehfdxvh lw doorzv
wr glvhqwdqjoh wkh lpsdfw ri prudo kd}dug shu vh iurp wkdw ri rwkhu uhvwulfwlrqv rq
wudghv1 Rqfh wkh orjlf ri SPK vlwxdwlrqv kdv ehhq xqghuvwrrg/ lw ehfrphv hdvlhu
4Wkh lqwurgxfwlrq ri ixuwkhu vwdjhv/ dv glvfxvvhg e| Khoozlj +4<;6, lq dq dgyhuvh vhohfwlrq vhwwlqj/
zrxog qrw dhfw wkh uhvxowv lq rxu prudo kd}dug iudphzrun1
5Wkh lqwxlwlrq lv wkdw wkh vhfrqg0ehvw rswlpdo frqwudfw ehwzhhq dq djhqw dqg dq lqvxuhu w|slfdoo|
hqwdlov sduwldo fryhudjh lq rughu wr surylgh wkh djhqwv zlwk wkh uljkw lqfhqwlyhv wr suhyhqwlrq1 Krz0
hyhu/ lq wkh devhqfh ri h{foxvlylw|/ wkh djhqw frxog wkhq sxufkdvh d frpsohphqwdu| fryhudjh iurp
vrph frpshwlwru/ zklfk zrxog xqudyho wkh lqlwldo frqwudfw1 Vhh Khospdq dqg Odrqw +4<:8,/ Duqrww
dqg Vwljolw} +4<;:, ru Elvlq dqg Jxdlwrol +4<<<, iru suhflvh lqyhvwljdwlrqv1
6Dfwxdoo|/ Ehqqdugr +5334, vkrzv wkdw lq vlwxdwlrqv zkhuh vhfrqg ehvw h!flhqf| uhtxluhv udq0
grpl}dwlrq/ wkh ghwhuplqlvwlf htxloleulxp frqwudfw pd| idlo wr eh h!flhqw hyhq zlwklq wkh vhw ri
ghwhuplqlvwlf frqwudfwv1wr suhglfw wkh rxwfrphv ri dowhuqdwlyh prghov zkhuh dgglwlrqdo frqvwudlqwv +vd|/ qrq
hqirufhdelolw| ri udqgrp frqwudfwv, duh lqwurgxfhg1
Lq wkh SPK fdvh/ h{lvwlqj uhvxowv lq wkh olwhudwxuh/ dv zhoo dv frqyhqwlrqdo zlvgrp/
vxjjhvw wkdw wkuhh pdlq frqfoxvlrqv vkrxog krog lq rxu iudphzrun= +l, frpshwlwlrq
gulyhv surwv wr }hur/ +ll, d Zdoudvldq htxloleulxp h{lvwv dqg lv +vhfrqg ehvw, h!flhqw/
dqg +lll, wkh vwudwhjlf htxloleulxp frlqflghv zlwk wkh Zdoudvldq htxloleulxp71W k h
pdlq fodlp ri wkh suhvhqw sdshu lv wkdw h{lvwlqj uhvxowv/ zklfk kdyh ehhq ghyhorshg
lq sduwlfxodu iudphzrunv/ duh qrw urexvw/ dqg wkdw frqyhqwlrqdo zlvgrp lv dfwxdoo|
zurqj1 Lq idfw/ qrqh ri wkh wkuhh surshuwlhv mxvw vwdwhg krogv lq jhqhudo1 Zh h{klelw d
urexvw h{dpsoh lq zklfk wkh htxloleulxp ri wkh vwudwhjlf pdunhw jdph hqwdlov srvlwlyh
surwv iru wkh lqvxuhuv/ zkloh wkh Zdoudvldq htxloleulxp idlov wr h{lvw1 Wklv frqfoxvlrq
grhv qrw uho| rq vshflf dvvxpswlrqv vxfk dv duelwudu| olplwdwlrqv rq wkh frqwudfw
vsdfh ru h{rjhqrxv xqrevhuydelolw| ri sduwlfxodu wudqvdfwlrqv1 Udwkhu/ lw vwhpv iurp
wkh lqwhudfwlrq ri wzr ihdwxuhv ri rxu prgho/ qdpho| qrq vhsdudeoh suhihuhqfhv dqg
wkh suhvhqfh ri dq djjuhjdwh vkrfn1 Wkhvh ihdwxuhv duh/ li dq|wklqj/ pruh jhqhudo
wkdq zkdw fdq eh irxqg lq prvw ri wkh olwhudwxuh> lw lv suhflvho| wkh jhqhudolw| ri rxu
shuvshfwlyh wkdw h{sodlqv wkh glvfuhsdqflhv zlwk suhylrxv zrunv1
Wkh lqwxlwlrq ri wkh pdlq uhvxow fdq eh vxppdul}hg dv iroorzv1 Zh dvvxph wkdw
ohlvxuh dqg frqvxpswlrq duh jurvv frpsohphqwv/ l1h1/ wkdw wkh pdujlqdo xwlolw| +uhvs1
glvxwlolw|, ri ohlvxuh +uhvs1 hruw, lqfuhdvhv zlwk zhdowk/ dqg wkdw wklv hhfw ehfrphv
hvshfldoo| lpsruwdqw dv wkh djhqw jhwv zhdowklhu1 Lw vkrxog eh qrwhg wkdw wklv dv0
vxpswlrq/ li dq|wklqj/ kdv ehwwhu hpslulfdo vxssruw wkdq wkh dowhuqdwlyh k|srwkhvlv
wkdw lv dgrswhg e| prvw rq wkh olwhudwxuh 0 qdpho|/ wkdw suhihuhqfhv duh dgglwlyho|
vhsdudeoh lq ohlvxuh dqg frqvxpswlrq1 Xqghu prudo kd}dug/ wklv irup ri frpsohphq0
wdulw| jlyhv ulvh wr vshflf lqfrph hhfwv wkdw suhyhqw xvxdo xqghufxwwlqj vwudwhjlhv
iurp holplqdwlqj surwv1 Vshflfdoo|/ zh vkrz wkdw wkhuh h{lvwv vrph +qlwh, frq0
vxpswlrq exqgoh wkdw pd{lpl}hv wkh djhqw*v xwlolw| rq wkh vhw ri frqwudfwv lqgxflqj
wkh kljkhu suhyhqwlrq hruw ohyho1 AIurp wklv exqgoh/ lw lv lpsrvvleoh wr lqfuhdvh
wkh djhqw*v xwlolw| +vd|/ e| lqfuhdvlqj klv frqvxpswlrq zkhq wkh *jrrg* rxwfrph lv
uhdol}hg, zlwkrxw ylrodwlqj wkh lqfhqwlyh frqvwudlqw/ wkh lghd ehlqj wkdw dgglwlrqdo
h{shfwhg frqvxpswlrq lqfuhdvhv wkh pdujlqdo frvw ri hruw/ dqg wkdw wklv hhfw/ iru
odujh hqrxjk frqvxpswlrq ohyhov/ ryhufrpshqvdwhv wkh vwdqgdug lqfhqwlyh hhfw1 Li
wkh whfkqrorj| lv vxfk wkdw h{shfwhg zhdowk lq wkh hfrqrp| h{fhhgv wkh h{shfwhg frq0
vxpswlrq fruuhvsrqglqj wr wkh rswlpdo exqgoh/ wkhq wkh sulqflsdo pdnhv d srvlwlyh
surw dw htxloleulxp1
Iru wkh vdnh ri uhdgdelolw|/ zh vwlfn wkurxjkrxw wkh prgho wr wkh lqvxudqfh vwru|
mxvw ghvfulehg1 Krzhyhu/ wkh vfrsh ri rxu frqfoxvlrqv lv pxfk eurdghu1 Wkh| fdq eh
dssolhg wr oderu frqwudfwv/ h{hfxwlyh frpshqvdwlrq/ vkduhfursslqj ru fuhglw uhodwlrq0
vklsv/ mxvw wr qdph d ihz1 Wkh| kdyh vhyhudo vxusulvlqj lpsolfdwlrqv1 Rqh lv wkdw wkh
7Wkh odvw wzr frqfoxvlrqv duh reylrxvo| vshflf wr wkh prudo kd}dug fdvh1 Xqghu dgyhuvh vhohfwlrq/
Urwkvfklog dqg Vwljolw} kdyh vkrzhg wkdw d vwudwhjlf htxloleulxp pd| idlo wr h{lvw dqg2ru wr jhqhu0
dwh h!flhqw rxwfrphv1 Wklv ihdwxuh lv gxh wr wkh h{whuqdolw| ehwzhhq frqwudfwv wkdw fkdudfwhul}hv
dgyhuvh vhohfwlrq +zkhwkhu d frqwudfw pdnhv surw ru orvvhv ghshqgv rq wkh frqwudfwv sursrvhg e|
wkh frpshwlwruv,1 Qr h{whuqdolw| ri wklv w|sh rffxuv lq d prudo kd}dug frqwh{w1 Wkh vdph uhpdun
dssolhv wr wkh h{lvwhqfh ri d Zdoudvldq htxloleulxp d od Suhvfrww0Wrzqvhqg xqghu dgyhuvh vhohfwlrq
+vhh Elvlq dqg Jrwwdugl +5335, iru d wkrurxjk lqyhvwljdwlrq,1
5}hur surw dvvxpswlrq/ riwhq ylhzhg dv d vkruwfxw iru frpshwlwlrq/ vkrxog eh kdqgohg
zlwk fduh1 Frpshwlwlrq jhqhudoo| lpsolhv wkdw djhqwv uhfhlyh wkh ehvw frqwudfw dydlo0
deoh xqghu vhyhudo frqvwudlqwv/ lqfoxglqj d qrq qhjdwlyh surw frqglwlrq1 Rxu uhvxow
vxjjhvwv wkdw wkhuh lv qr uhdvrq wr h{shfw wkh qrq qhjdwlyh surw uhvwulfwlrq wr dozd|v
elqg1 D vhfrqg frqvhtxhqfh lv wkdw wkh Zdoudvldq phfkdqlvp/ srzhuixo dv lw lv +dw
ohdvw lq wkh Suhvfrww0Wrzqvhqg yhuvlrq,/ pd| idlo wr zrun lq d prudo kd}dug frqwh{w1
Wkh lqwhusuhwdwlrq ri rxu qrq h{lvwhqfh uhvxow lv wkdw udwlrqlqj pd| eh qhhghg wr
dfklhyh h!flhqf|1 Wr wkh ehvw ri rxu nqrzohgjh/ wklv frqfoxvlrq lv qhz/ dw ohdvw zkhq
ixoo| qrq olqhdu +h{foxvlyh, frqwudfwv duh dvvxphg wr eh hqirufhdeoh1 Ilqdoo|/ rxu frq0
foxvlrqv kdyh gluhfw frqvhtxhqfhv iru wkh olwhudwxuh rq lqfhqwlyhv1 Wkdw lqfuhdvlqj dq
djhqw*v uhzdug zkhq wkh rxwfrph lv *jrrg*/ zkloh nhhslqj lw xqfkdqjhg lq *edg* fdvhv/
pd| lq idfw uhgxfh wkh djhqw*v ryhudoo lqfhqwlyhv +hvshfldoo| iru kljk ohyhov ri zhdowk ru
lqfrph, pd| vkhg d qhz oljkw rq vxfk lvvxhv dv pdqdjhuldo lqfhqwlyhv dqg h{hfxwlyh
frpshqvdwlrq1 Wkhvh dssolfdwlrqv duh frqvlghuhg lq d frpsdqlrq sdshu +Ehqqdugr
dqg Fkldssrul 5335,1
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5/ zh ghvfuleh wkh edvlf prgho
dqg vwuhvv lwv pdlq surshuwlhv1 Vhfwlrq 6 lv ghyrwhg wr wkh vwxg| ri htxloleuld d od
Ehuwudqg1 Wkh jhqhudo htxloleulxp shuvshfwlyh lv ghyhorshg lq Vhfwlrq 71 Frqfoxvlrqv
duh glvfxvvhg lq wkh odvw vhfwlrq1
51 Wkh prgho
5141 Xqfhuwdlqw|
Wkh hfrqrp| frqvlvwv ri wzr fodvv ri lqglylgxdov= d frqwlqxxp ri h{ dqwh lghqwlfdo ulvn
dyhuvh djhqwv dqg d *odujh qxpehu* ri ulvn qhxwudo sulqflsdov frpshwlqj e| rhulqj
frqwudfwv wr wkh djhqwv1 Djhqwv kdyh d ulvn| hqgrzphqw wkdw lv dhfwhg e| wzr
w|shv ri vkrfnv1 Rqh lv dq h{rjhqrxv djjuhjdwh vkrfn lq xhqflqj wkh hfrqrp| dv
d zkroh> l1h1/ wkhuh h{lvw wzr glhuhqw/ h{ srvw yhuldeoh djjuhjdwh +ru *froohfwlyh*,
vwdwhv ri wkh zruog/ v @4dqg v @5 / wkdw rffxu zlwk uhvshfwlyh suredelolwlhv  dqg
+4  ,1 Lq dgglwlrq/ wkh hqgrzphqw lv vxemhfw wr dq lglrv|qfudwlf +ru *lqglylgxdo*/
iroorzlqj wkh glvwlqfwlrq hpskdvl}hg e| Fdvv dqg do1 4<<:, vkrfn1 Lqglylgxdo vkrfnv
duh lghqwlfdoo| dqg lqghshqghqwo| glvwulexwhg +llg, wkurxjkrxw wkh srsxodwlrq/ dqg
wkh vkrfn dhfwlqj dq djhqw ghshqgv rq dq hruw h vxssolhg e| wklv djhqw lq dq
dfflghqw dyrlgdqfh whfkqrorj|1 Wkh ohyho ri hruw lv qrw revhuydeoh e| wkh lqvxuhu>
zh dvvxph iru vlpsolflw| wkdw lw fdq wdnh rqo| wzr ydoxhv/ ho dqg hk/ zlwk hk Ah o1
Lq hdfk djjuhjdwh vwdwh v/ lqglylgxdo zhdowk fdq wdnh wzr ydoxhv |d
v A| e
v> wkh *jrrg*
rxwfrph d rewdlqv zlwk suredelolw| S +h,/z k h u hS +hk,@S dqg S +ho,@s?S1Z h





lpsruwdqw dvvxpswlrq lv wkdw hdfk djhqw kdv wr h{huw wkh hruw ehiruh wkh djjuhjdwh













D qdwxudo lqwhusuhwdwlrq ri wklv vhwwlqj lv wkdw djhqwv duh krxvhkrogv/ zkloh sulqfl0
sdov duh lqvxudqfh frpsdqlhv pxwxdol}lqj lqglylgxdo ulvnv1 Hdfk krxvhkrog pd| lqfxu
dq dfflghqwdo gdpdjh v @ |d
v  |e
v wr lwv surshuw| +wkh rffxuuhqfh ri dq dfflghqw
6wkhq ghqhv wkh *edg* rxwfrph/ e,1 Wkh rffxuuhqfh suredelolw| ri d gdpdjh fdq eh
uhgxfhg li wkh djhqw surylghv vrph oderu h lq d suhyhqwlrq ru pdlqwhqdqfh dfwlylw|
wkdw lv qrw revhuyhg e| wkh lqvxuhu1 Ilqdoo|/ wkh wzr djjuhjdwh vwdwhv fdq eh lqwhu0
suhwhg dv zhdwkhu frqglwlrqv= vwdwh 4 lv *qrupdo zhdwkhu*/ zkhuhdv vwdwh 5 fruuhvsrqgv
wr d *kxuulfdqh*1 Wkh suhvhqfh ri djjuhjdwh xqfhuwdlqw| lv rqh lpsruwdqw glhuhqfh
ehwzhhq rxu iudphzrun dqg prvw ri wkh prudo kd}dug olwhudwxuh1 Ri vshfldo lqwhuhvw lv
w k hf d v hz k h u h|e
5 lv yhu| vpdoo> l1h1/ idlolqj wr surylgh wkh pdlqwhqdqfh hruw uhtxluhg
lv dozd|v edg/ exw fdq uhyhdo glvdvwurxv lq fdvh ri d kxuulfdqh1
Dowhuqdwlyh lqwhusuhwdwlrqv fdq ri frxuvh eh frqvlghuhg +h1j1/ djhqwv dqg sulqflsdov
frxog eh uhvshfwlyho| wkrxjkw ri dv zrunhuv dqg pdqdjhuv/ whqdqwv dqg odqgorugv/ hwf1,1
Iroorzlqj prvw ri wkh olwhudwxuh rq frpshwlwlrq xqghu dv|pphwulf lqirupdwlrq/ zh zloo
vwlfn wr wkh lqvxudqfh lqwhusuhwdwlrq1 Wkurxjkrxw wkh sdshu/  \v @ S|d
v .+ 4 S,|e
v
ghqrwhv wkh h{shfwhg surgxfwlrq lq vwdwh v zkhq hruw lv hk/ zkloh  |v @ s|d
v.+4 s,|e
v
lv wkh h{shfwhg surgxfwlrq lq vwdwh v zkhq hruw lv ho1 Iurp wkh suhylrxv dvvxpswlrqv/
zh kdyh wkdw
 \v A  |v >  |4 A  |5 dqg  \4 A  \5
5151 Suhihuhqfhv
Suhihuhqfhv ri erwk wkh sulqflsdov dqg wkh djhqwv duh vwdwh lqghshqghqw1 Sulqflsdov
duh ulvn qhxwudo surw pd{lpl}huv1 Iru dq| qrq qhjdwlyh frqvxpswlrq f dqg dq|
hruw h 5i h3>h 4j/ djhqw*v suhihuhqfhv duh uhsuhvhqwhg e| wkh YQP xwlolw| ixqfwlrq
x+f>h,@y+f>4  h,/z k h u h4  h lv wkh djhqw*v ohlvxuh/ dqg y lv wzlfh frqwlqxrxvo|
glhuhqwldeoh/ vwulfwo| frqfdyh/ vwulfwo| lqfuhdvlqj / dqg vdwlvhv olpf$3 Cy@Cf @. 41
Ohw f{
v/ zkhuh { @ d>e dqg v @4 >5/ ghqrwh wkh djhqw*v frqvxpswlrq/ frqwlqjhqw
rq hdfk djjuhjdwh vwdwh dqg rq wkh uhdol}dwlrq ri wkh rxwsxw1 D nh| srlqw lv wkdw/ lq
frqwudvw zlwk prvw ri wkh olwhudwxuh rq prudo kd}dug/ zh dvvxph wkdw x lv qrw vhsdudeoh
lq hruw dqg frqvxpswlrq1 Wklv dvvxpswlrq wv wkh sduwlfxodu lqwhusuhwdwlrq zh mxvw
vxjjhvwhg/ zkhuh hruw lv lqwhusuhwhg dv zrunlqj wlph1 Qrq vhsdudelolw| ri ohlvxuh +zlwk
uhvshfw wr frqvxpswlrq, lv d vwdqgdug qglqj ri wkh hpslulfdo olwhudwxuh rq oderu
vxsso| +vhh iru lqvwdqfh Eurzqlqj dqg Phjklu +4<<:,,> lw uh hfwv wkh yhu| qdwxudo
lqwxlwlrq wkdw/ lq jhqhudo/ wkh pdujlqdo xwlolw| ri ohlvxuh lqfuhdvhv zlwk zhdowk/ li rqo|
ehfdxvh qxpehu ri frqvxpdeoh jrrgv +wudyho/ vhuylfhv/111, duh reylrxv frpsohphqwv
ri ohlvxuh18 Vxusulvlqjo| hqrxjk/ pdq| vwdqgdug uhvxowv ri wkh prudo kd}dug olwhudwxuh
8D Ehfnhuldq mxvwlfdwlrq uholhv xsrq wkh h{lvwhqfh ri d grphvwlf surgxfwlrq ixqfwlrq wkdw surgxfh
vrph djhqw0vshflf frpprglw|/ xvlqj wlph dqg wkh frqvxpswlrq jrrg dv frpsohphqwdu| lqsxwv1 Qrwh
wkdw/ lq wklv fdvh/ wkh pdujlqdo xwlolw| ri frqvxpswlrq lv olnho| wr lqfuhdvh zlwk ohlvxuh 0 l1h1/ Y5
YSYe 	 f1
Iru lqvwdqfh/ li zhoo0ehlqj lv sursruwlrqdo wr wkh frqvxpswlrq ri d vlqjoh krxvhkrog jrrg 1/s u r g x f h g
iurp vrph frqvwdqw uhwxuq wr vfdoh whfkqrorj| =





zkhuh  lv lqfuhdvlqj frqfdyh/ wkhq Y5
YSYe '
Y5s
YSYe lv dozd|v qhjdwlyh1
7wxuq rxw wr eh yhu| vhqvlwlyh wr wkh vhsdudelolw| dvvxpswlrq/ dowkrxjk prvw ri wkh
wlph wkh odwwhu lv rqo| pdgh iru frpprglw| dqg fdqqrw eh frqvlghuhg dv sduwlfxoduo|
uhdolvwlf lq dq| vhqvh/ dv douhdg| uhfrjql}hg lq wkh vhplqdo frqwulexwlrq ri Jurvvpdq0
Kduw +4<;6,1
5161 Frqwudfwv
Lq rxu lqvxudqfh vhwwlqj zlwk h{foxvlyh uhodwlrqvklsv/ d ghwhuplqlvwlf frqwudfw vshflhv
d uhtxluhg hruw ohyho dqg d wudqvihu g{
v iurp wkh lqvxuhu wr wkh djhqw/ frqwlqjhqw rq
hdfk uhdol}dwlrq ri wkh rxwsxw +{, dqg ri wkh djjuhjdwh vwdwh +v,> w|slfdoo|/ rqh h{shfwv
wkdw gd
4 ? 3 +l1h1/ wkh djhqw sd|v dq lqvxudqfh suhplxp zkhq qr gdpdjh kdv rffxuuhg/




v1 Lw lv ri frxuvh htxlydohqw/ dqg riwhq pruh frqyhqlhqw/ wr zulwh wkh
frqwudfw lq frqvxpswlrq whupv +lqvwhdg ri wudqvihuv,1 Wkdw lv/ d ghwhuplqlvwlf frqwudfw






wkdw suhvfulehv wkh uhtxluhg hruw ohyho h dqg wkh frqwlqjhqw frqvxpswlrqv1
Vxfk d frqwudfw lv fdoohg ghwhuplqlvwlf doehlw lw lv frqwlqjhqw rq wkh vwdwh ri zruog1
*Ghwhuplqlvwlf*/ khuh/ phdqv wkdw wkh frqwudfw grhv qrw hqwdlo dgglwlrqdo udqgrpqhvv1
Lw lv zhoo nqrzq wkdw h!flhqf| pd| uhtxluh vrph h{solflw udqgrpl}dwlrq/ zklfk lq
ixoo jhqhudolw| fdq eh ri wzr w|shv= h{ dqwh +zkhuhe| wkh frqwudfw suhvfulehv vrph
suredelolw| glvwulexwlrq rq wkh uhfrpphqghg ohyho ri hruw, dqg h{ srvw +zkhuhe| wkh
djhqw*v frqwlqjhqw sd|phqw/ frqglwlrqdo rq wkh uhdol}dwlrq ri wkh vkrfnv/ lv vwrfkdvwlf,1















  lv wkh h{ dqwh suredelolw| ri hruw hk +wkhq ho lv fkrvhq zlwk suredelolw| 4,
 d
k>v +uhvs1 e
k>v, lv wkh h{ srvw suredelolw| glvwulexwlrq ri frqvxpswlrq lq vwdwh
v/ frqglwlrqdo rq rxwsxw |d
v +uhvs1 |e
v, dqg wkh frqwudfwxdoo| uhtxluhg hruw hk
 vlploduo|/ d
o>v +uhvs1 e
o>v, lv wkh h{ srvw suredelolw| glvwulexwlrq ri frqvxpswlrq
lq vwdwh v/ frqglwlrqdo rq rxwsxw |d
v +uhvs1 |e
v,d q gh  r u who1
Wkh deryh frqvwuxfwlrq lv htxlydohqw wr wkh rqh sursrvhg e| Suhvfrww dqg Wrzqvhqg
+4<;7d/e,1 Whfkqlfdoo|/ wkh| ghqh udqgrp frqwudfwv dv mrlqw suredelolw| glvwulexwlrqv
rq hruw/ rxwsxw dqg frqvxpswlrq> wkh htxlydohqfh zlwk rxu ghqlwlrq frphv iurp
wkh idfw wkdw orwwhulhv rq orwwhulhv duh orwwhulhv1 Lq wkh uhpdlqghu/ zh vwlfn wr rxu
qrwdwlrq/ zkhuh h{ dqwh dqg h{ srvw udqgrpl}dwlrq duh h{solflwo| glvwlqjxlvkhg/ iru
wzr uhdvrqv1 Rqh lv fodulw|> zh eholhyh wkdw wkh edvlf lqwxlwlrqv +dqg/ vshflfdoo|/ wkh
uroh ri udqgrpl}dwlrq, fdq eh ehwwhu judvshg zlwk wklv ohvv frpsdfw exw pd| eh pruh
8shgdjrjlfdo suhvhqwdwlrq1 Dovr/ wkh glvwlqfwlrq lv sduwlfxoduo| xvhixo iru wkh fkdudf0
whul}dwlrq ri htxloleulxp frqwudfwv> lqghhg/ h{ dqwh dqg h{ srvw udqgrpl}dwlrq sod|
yhu| glhuhqw urohv lq wkh htxloleulxp rxwfrphv/ dv lw zloo ehfrph fohdu odwhu rq1
Wkh jhqhudo wlplqj ri dfwlrqv lv vxppdul}hg lq Iljxuh 4 ehorz1
Lqvhuw Iljxuh 4 khuh
5171 Lqfhqwlyh dqg ihdvlelolw| frqvwudlqwv
Ihdvlelolw| Doorfdwlrqv duh frqvwudlqhg e| d ihdvlelolw| dqg dq lqfhqwlyh frpsdwlelo0
lw| frqglwlrq1 Wkh ihdvlelolw| frqvwudlqw uh hfwv wkh idfw wkdw wkh lqvxudqfh frpsdq|
pxvw euhdn hyhq lq hdfk djjuhjdwh vwdwh1 Iru ghwhuplqlvwlf frqwudfwv/ wklv lpsolhv wkdw
S +h,fd
v .+ 4 S +h,,fd
v  S +h,|d
v .+ 4 S +h,,|d
v>v @4 >5 +515,
Iru lqvwdqfh/ li wkh frqwudfw lqgxfhv wkh fkrlfh ri wkh kljk hruw ohyho/ wkh frq0
vwudlqw ehfrphv
Sfd
v .+ 4 S,fe
v   \v>v @4 >5 +516,
zkloh zlwk d orz ohyho lw ehfrphv
sfd
v .+ 4 s,fe
v   |v>v @4 >5 +517,










o>v .+ 4 s,He
o>v






k>v +f, lv wkh phdq frqvxpswlrq fruuhvsrqglqj wr wkh glvwulexwlrq
d
k>v1
Lqfhqwlyh frpsdwlelolw| Lqfhqwlyh frpsdwlelolw| lpsrvhv wkdw wkh suhvfulehg hruw




















{>v +f, lv wkh h{shfwhg xwlolw| fruuhvsrqglqj wr hruw { dqg
wkh glvwulexwlrq ri frqvxpswlrq d























v>h k,.+ 4 S,x+fe
v>h k,  sx+fd
v>h o,  +4  s,x+fe
v>h o, +51:,
ghqrwhv wkh glhuhqfh +lq vrph djjuhjdwh vwdwh v, ehwzhhq h{shfwhg xwlolwlhv xqghu wkh
kljk dqg orz hruwv uhvshfwlyho|1 Lw lv qdwxudo wr dvvxph wkdw wkh lqfhqwlyh sureohp
lv qrq ghjhqhudwh/ lq wkh vhqvh wkdw wkh kljk hruw fdq eh lpsohphqwhg e| vrph
frqwudfw0 l1h1/ wkdw wkhuh h{lvwv vrph vwulfwo| srvlwlyh frqvxpswlrq ohyho jd vxfk wkdw
I+jd>3, A 3
Zh qrz vwdwh rxu pdlq dvvxpswlrq rq wkh djhqwv* suhihuhqfhv=
Dvvxpswlrq G = Pdujlqdo xwlolw| ri frqvxpswlrq xqlirupo| lqfuhdvhv zlwk ohlvxuh>
l1h1/ wkhuh h{lvwv vrph nA3 vxfk wkdw/ iru doo +f>h,
C5x
CfCh












Lq zrugv/ zh dvvxph wkdw pdujlqdo xwlolw| ri frqvxpswlrq dozd|v lqfuhdvhv zlwk
ohlvxuh/ dqg wkdw wklv hhfw lv sduwlfxoduo| vwurqj iru zhdowk| djhqwv/ zkhuhdv lw lv
doprvw qhjoljleoh iru yhu| orz frqvxpswlrq ohyhov1
Wkh jhrphwu| ri wkh lqfhqwlyh iurqwlhu Lw lv frqyhqlhqw wr { wkh frqvxpswlrq






dqg wr frqvlghu/ lq wkh dowhuqdwlyh






wkdw lqgxfh wkh kljk hruw ohyho1














@ K ghqhv d
idplo| ri fxuyhv K lqgh{hg e| wkh frqvwdqw K1 Dq| ri wkhvh fxuyhv vsolwv wkh sodqh
lqwr wzr duhdv1 Zlwklq rqh ri wkhp/ wkh lqfhqwlyh0frpsdwleoh vhw NK/ doo frqwudfwv
lqgxfh wkh kljk hruw ohyho hk/ zkhuhdv ho lv rswlpdo lq wkh frpsohphqw  NK1
Dv lw zloo ehfrph fohdu odwhu rq/ wkh vkdsh ri wkh K fxuyhv mxvw ghqhg sod|v d
nh| uroh lq wkh ghulydwlrq ri rxu uhvxow/ ehfdxvh lw fkdudfwhul}hv ri wkh vhw ri lqfhqwlyh
frpsdwleoh doorfdwlrqv iru erwk ghwhuplqlvwlf dqg udqgrpl}hg frqwudfwv1 Lq wkh vwdq0
gdug fdvh zkhuh xwlolw| lv vhsdudeoh lq hruw dqg frqvxpswlrq/ K lv lqfuhdvlqj1 Zh
:qrz vkrz wkdw wklv lv qr orqjhu wkh fdvh xqghu Dvvxpswlrq G= lq wkh +fd>f e, sodqh/
K uhdfkhv d joredo pd{lpxp dqg ghfuhdvhv diwhuzdugv1 Ixuwkhupruh/ iru dq| jlyhq
frqvwdqw K wkh djhqw*v h{shfwhg xwlolw| lv erxqghg ryhu wkh wkh lqfhqwlyh0frpsdwleoh
vhw NK 0 d idfw wkdw zloo eh gluhfwo| olqnhg wr wkh h{lvwhqfh ri frqwudfwv jhqhudwlqj
srvlwlyh surw1 Irupdoo|=
Ohppd 5141 Dvvxph Dvvxpswlrq G krogv wuxh1 Wkhq =
 K lv d frqwlqxrxvo| glhuhqwldeoh fxuyh lq wkh +fd>f e, sodqh
 Iru +fd>f e, vpdoo hqrxjk/ K lv lqfuhdvlqj/ zlwk d vorsh vpdoohu wkdq 41
 Wkhuh h{lvw d srlqw

 fd +K,> fe +K,

rq K lq wkh +fd>f e, sodqh zkhuh fe lv
orfdoo| pd{lpxp/ dqg vxfk wkdw/ iru dq| fd A  fd +K,/ K lv ghfuhdvlqj lq wkh
+fd>f e, sodqh1 Pruhryhu/ wkh ydoxhv ri fd dw zklfk wkh pd{lpd duh uhdfkhg duh
wkh vdph iru doo fxuyhv K1
 Iru K3 AK / K3 lv ehorz K lq wkh +fd>f e, sodqh> l1h1/ li + fd>f e, 5 K dqg
+ fd>f 3e, 5 K3 wkhq f3e ?f e
Surri= Vhh Dsshqgl{
Lqvhuw khuh Iljxuh 5
Dq looxvwudwlrq ri wklv uhvxow lv surylghg lq Iljxuh 5 iru wkh vlpsoh fdvh ri d xqltxh
joredo pd{lpxp= lq wkh +fd>f e, sodqh/ K uvw lqfuhdvhv/ uhdfkhv d pd{lpxp/ wkhq
ghfolqhv1 Wkh lqwhusuhwdwlrq ri wkh pd{lpxp ohyho iru fe lv vwudljkwiruzdug = d frqwudfw
surylglqj d frqvxpswlrq odujhu wkdq wklv pd{lpxp zkhq wkh orz surgxfwlrq ohyho lv
uhdol}hg fdqqrw lqgxfh wkh pd{lpxp hruw ohyho/ zkdwhyhu frqvxpswlrq pd| eh lq wkh
rwkhu vwdwh1 Lq rwkhu zrugv/ d *wrr jhqhurxv* doorfdwlrq ri frqvxpswlrq lq wkh edg vwdwh
fdqqrw eh rvhw e| dq hyhq pruh jhqhurxv surylvlrq lq wkh jrrg vwdwh1 Wkh lqwxlwlrq
lv wkdw lqfuhdvlqj fd kdv wzr hhfwv1 Rq wkh rqh kdqg/ lw eurdghqv wkh glhuhqfh
ehwzhhq frqvxpswlrq lq wkh jrrg dqg lq wkh edg vwdwhv1 Wklv kdv jrrg lqfhqwlyhv
surshuwlhv/ vlqfh fkrrvlqj wkh kljk hruw lqfuhdvhv wkh suredelolw| ri uhfhlylqj wklv
glhuhqfh1 Qrwh/ krzhyhu/ wkdw wklv hhfw lv uhodwhg wr pdujlqdo xwlolw| ri lqfrph/ vr
wkdw lwv pdjqlwxgh ghfuhdvhv zlwk zhdowk1 Rq wkh rwkhu kdqg/ d kljkhu fd lqfuhdvhv
wrwdo +h{shfwhg, frqvxpswlrq/ zklfk/ iurp Dvvxpswlrq G/ udlvhv pdujlqdo glvxwlolw|
ri hruw1 Wklv fohduo| uhgxfhv lqfhqwlyhv1 Iru fd odujh hqrxjk/ wkh odwwhu hhfw pd|
zhoo grplqdwh> lw dfwxdoo| grhv xqghu Dvvxpswlrq G1
D fuxfldo frqvhtxhqfh ri Ohppd 5 lv wkdw wkh djhqw*v xwlolw| lv erxqghg ryhu wkh
lqfhqwlyh frpsdwleoh vhw NK/ dqg uhdfkhv lwv pd{lpdo/ dv vwdwhg lq wkh iroorzlqj
Sursrvlwlrq=
Sursrvlwlrq 5151 Wkhuh h{lvwv d qlwh exqgoh f +K,@

fd +K,>f e +K,

wkdw pd{0
lpl}hv wkh djhqw*v h{shfwhg xwlolw| xqghu kljk hruw rq wkh vhw NK1
;Surri= Vhh Dsshqgl{
Dv lw fdq eh vhhq rq Iljxuh 5/ lqfuhdvlqj wkh djhqw*v xwlolw| eh|rqg lwv ohyho dw f+K,
zrxog uhtxluh d odujhu fd>f e ru erwk/ exw wklv fdqqrw eh frpsdwleoh zlwk wkh lqfhqwlyh
frqvwudlqw1 Dq lpsruwdqw frqvhtxhqfh ri wklv uhvxow lv wkdw wkh djhqw*v suhihuhqfhv
rq wkh frqwudfw vsdfh h{klelw d vdwldwlrq surshuw|= qr lqfuhdvh lq frqvxpswlrq fdq
lpsuryh wkh djhqw*v zhoiduh1
61 Frpshwlwlyh htxloleuld= wkh vwudwhjlf srlqw ri ylhz
Zh qrz frqvlghu rxu prgho iurp d vwudwhjlf srlqw ri ylhz1 Frpshwlwlrq lv uhsuhvhqwhg
dv d wzr0vwdjh jdph1 Dw vwdjh rqh/ hdfk sulqflsdo rhuv rqh ru vhyhudo frqwudfwv1 Dw
vwdjh wzr/ hdfk djhqw vhohfwv d frqwudfw dqg fkrrvhv dq hruw> wkhq wkh vwdwh ri wkh
zruog lv uhyhdohg dqg frqvxpswlrq wdnhv sodfh1 Dq htxloleulxp lv wkhq ghqhg dv
d vxejdph shuihfw htxloleulxp ri wklv jdph1 Zh zloo fdoo lw d Ehuwudqg0Urwkvfklog0
Vwljolw} +EUV, htxloleulxp ehfdxvh d ihdvleoh/ lqfhqwlyh0frpsdwleoh frqwudfw lv d Qdvk
htxloleulxp rxwfrph ri rxu jdph li dqg rqo| li lw vdwlvhv Urwkvfklog dqg Vwljolw}*v
+4<:9, frqglwlrq ri urexvwqhvv wr wkh lqwurgxfwlrq ri dgglwlrqdo surwdeoh frqwudfwv1
6141 Suholplqdu| fkdudfwhul}dwlrq
D uvw vwhs wrzdug wkh fkdudfwhul}dwlrq ri EUV htxloleuld lv surylghg e| wkh iroorzlqj
uhvxow=
Ohppd 6141 Dw dq| EUV htxloleulxp/ djhqwv* h{ dqwh xwlolw| lv pd{lpl}hg xqghu
lqfhqwlyh frpsdwlelolw| dqg qrq qhjdwlyh surw +ihdvlelolw|, frqvwudlqwv1
Surri1 Dvvxph qrw1 Wkhq wkhuh h{lvwv vrph frqwudfw wkdw lv lqfhqwlyh frpsdwleoh/
pdnhv qrq qhjdwlyh surw/ dqg surylghv wkh djhqw zlwk vwulfwo| kljkhu h{shfwhg xwlolw|
wkdq wkh htxloleulxp rqh1 Ghfuhdvh wkh djhqw*v frqvxpswlrq lq wkh vwdwh +4>e, e| vrph
*vpdoo* dprxqw A31 Wkh frqwudfw wkxv rewdlqhg lv vwloo lqfhqwlyh frpsdwleoh dqg lv
vwloo suhihuuhg e| wkh djhqw wr wkh htxloleulxp rqh/ exw pdnhv vwulfwo| srvlwlyh surwv
0 d frqwudglfwlrq zlwk wkh htxloleulxp frqglwlrq1
Lw vkrxog eh qrwhg wkdw wklv Ohppd dssolhv qrw rqo| wr jhqhudo frqwudfw vsdfhv/
exw dovr wr sduwlfxodu vxefodvvhv ri frqwudfwv +h1j1/ ghwhuplqlvwlf rqhv,> lq erwk fdvhv/
wkh EUV htxloleulxp jhqhudwhv wkh pd{lpxp ohyho ri xwlolw| dwwdlqdeoh ryhu wkh vhw
ri frqwudfwv dw vwdnh1 D uvw dqg vlpsoh frqvhtxhqfh lv wkh iroorzlqj=
Fruroodu| 6151 D EUV htxloleulxp dozd|v h{lvwv1 Pruhryhu/ hyhu| frpshwlwlyh htxl0
oleulxp lv frqvwudlqhg Sduhwr rswlpdo1
Wkh surri ri wklv uhvxow lv lpphgldwh vlqfh wkh djhqw*v surjudp frlqflgh zlwk wkh
ghqlwlrq ri wkh +frqvwudlqhg, h!flhqw rxwfrph suhihuuhg e| wkh djhqwv> djdlq/ wkh
<Fruroodu| krogv iru dq| frqwudfw vsdfh1 Qrwh/ krzhyhu/ wkdw wkh frqvwudlqhg Sduhwr
h!flhqf| ri EUV htxloleuld lv qrw d yhu| urexvw uhvxow1 Iru lqvwdqfh/ lw lv zhoo nqrzq
wkdw lw grhv qrw krog xqghu dgyhuvh vhohfwlrq19 Hyhq lq wkh prudo kd}dug frqwh{w/ wkh
frqfoxvlrq vwurqjo| ghshqgv rq wkh dvvxpswlrq wkdw rqo| rqh jrrg lv frqvxphg lq
wkh hfrqrp|/ dv suryhg lq Ehqqdugr +4<<:,1
Zh vkdoo qrz ghulyh rxu uvw uhvxow/ qdpho| wkdw wkh EUV htxloleulxp pd| hqwdlo
srvlwlyh surwv1 Iru wkh vdnh ri fodulw|/ lw lv xvhixo wr frqyh| wkh edvlf lqwxlwlrq lq wkh
vlpsohu fdvh zkhuh rqo| ghwhuplqlvwlf frqwudfwv fdq eh rhuhg/ dqg wkhq wr dqdo|}h
krz wkh dujxphqw lv dhfwhg e| wkh lqwurgxfwlrq ri udqgrpl}dwlrq1
6151 Wkh edvlf lqwxlwlrq= frpshwlwlrq zlwk ghwhuplqlvwlf frqwudfwv
Dvvxph wkdw wkh htxloleulxp ghwhuplqlvwlf frqwudfw lqyroyhv wkh kljk hruw ohyho hk>
dqg ohw +a fd
v>a fe
v, ghqrwh wkh fruuhvsrqglqj htxloleulxp frqvxpswlrqv lq vwdwh v1G h  q 0






@ a Kv/ lqfhqwlyh frpsdwlelolw| uhtxluhv wkdw  a K4 .+ 4 , a K5 @












sodqh/ eh orfdwhg rq wkh fxuyh  a Kv1 Rq wklv fxuyh/ iurp Ohppd 614/ wkh djhqw*v h{0










1 Wkh txhvwlrq/ qrz/ lv zkhwkhu
wklv rswlpdo exqgoh lv ihdvleoh jlyhq wkh hfrqrp|*v surgxfwlrq lq wkdw vwdwh/  \v1L il w
lv qrw/ wkhq dw htxloleulxp wkh ihdvlelolw| frqvwudlqw lv elqglqj/ l1h1
Sa fd
v .+ 4 S,a fe
v @  \v
Lq wkdw fdvh/ wkh htxloleulxp surw lv }hur/ dqg wkh rswlpdo frqvxpswlrq lv orfdwhg
dw dq lqwhuvhfwlrq ri wkh ihdvlelolw| frqvwudlqw deryh dqg wkh fxuyh  a Kv1 Wklv fdvh
lv looxvwudwhg lq Iljxuh 6d1 Lq wkh dowhuqdwlyh vlwxdwlrq/ looxvwudwhg lq Iljxuh 6e/
wkh h{shfwhg surgxfwlrq +frqglwlrqdo rq wkh kljk hruw ehlqj h{huwhg, h{fhhgv wkh









?  \v +]v,
Wkhq iurp Ohppd 614 wkh htxloleulxp doorfdwlrq +a fd
v>a fe











/d q g+]v, lpsolhv wkdw wkh djhqwv uhfhlyh ohvv wkdq
wkh wrwdo dprxqw surgxfhg> wkh glhuhqfh lv wkh sulqflsdo*v surw lq wkh djjuhjdwh
vwdwh v1 Wklv dujxphqw vxjjhvwv wkdw zkhq djjuhjdwh surgxfwlrqv/  \4 dqg  \5/d u he r w k
*odujh hqrxjk*/ wkhq surw vkrxog eh srvlwlyh lq dw ohdvw rqh vwdwh1 Wklv lqwxlwlrq wxuqv
rxw wr eh fruuhfw/ dowkrxjk lwv surri lv vrphzkdw wulfn| ehfdxvh wkh rswlpdo lqfhqwlyh
ohyho a Kv lv hqgrjhqrxv dqg ghshqgv lq sduwlfxodu rq djjuhjdwh surgxfwlrqv1 Irupdoo|/
wkh iroorzlqj uhvxow krogv=
9Vhh Fkdvvdjqrq dqg Fkldssrul +5335, iru d uhfhqw glvfxvvlrq1
:Dv lw lv zhoo0nqrzq/ wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw pxvw eh elqglqj dw htxloleulxp1
43Sursrvlwlrq 6161 Xqghu Dvvxpswlrq G/ wkhuh h{lvwv dq rshq vhw ri sdudphwhuv iru




5, uhtxluhv wkh kljk hruw ohyho dqg hqwdlov
srvlwlyh surwv lq erwk vwdwhv1
Surri= vhh Dsshqgl{
Lqvhuw khuh Iljxuh 6
Wkh hfrqrplf lqwxlwlrq iru wklv uhvxow lv d fohdu frqvhtxhqfh ri zkdw kdv ehhq
vdlg deryh1 Lq wkh vwdqgdug fdvh +vd|/ zlwk vhsdudeoh suhihuhqfhv,/ htxloleulxp surwv
duh }hur ehfdxvh ri xqghufxwwlqj1 Vkrxog surwv eh srvlwlyh/ d qhz hqwudqw frxog
dwwudfw doo frqvxphuv dqg pdnh d srvlwlyh surw1 Wkh wulfn 0 d gluhfw jhqhudol}dwlrq ri
xqghufxwwlqj 0 lv wr sursrvh d frqwudfw fruuhvsrqglqj wr dq lqqlwhvlpdo pryh dorqj
wkh Sduhwr iurqwlhu/ lq wkh gluhfwlrq ri lqfuhdvhg frqvxphu*v zhoiduh +dqg ghfuhdvhg
surwv,1
Wklv dujxphqw/ krzhyhu/ uhtxluhv wkh srvvlelolw| ri d wudgh0r ehwzhhq zhoiduh dqg
surw1 Lq rxu fdvh/ vxfk d wudgh0r pd| qrw h{lvw/ vlqfh frqvxphu*v zhoiduh fdqqrw











lv mxvw qrw ihdvleoh1 Lq rwkhu zrugv/ ehfdxvh ri frpshwlwlyh suhvvxuh/ sulqflsdov zrxog
eh zloolqj wr jlyh dzd| sduw ri wkhlu surwv wr wkh djhqwv/ lq rughu wr dwwudfw d odujhu
qxpehu ri wkhp1 Krzhyhu/ wklv lv qrw srvvleoh khuh/ ehfdxvh wkh lqfhqwlyh frqvwudlqw
uhvxowv lq dq xsshu erxqg rq wkh djhqwv* +frqwlqjhqw, zhdowk= pdnlqj wkhp ulfkhu
zrxog nloo lqfhqwlyhv wr zrun/ zklfk zrxog lq wxuq uhvxow lq pxfk orzhu zhoiduh iru
doo1
Ilqdoo|/ wkh srvlwlyh surw vlwxdwlrq kdv dq lqwhuhvwlqj lqwhusuhwdwlrq lq whupv ri
wkh vkdsh ri wkh Sduhwr iurqwlhu1 Dvvxph iru d prphqw wkdw  @3+l1h1/ wkhuh lv
rqo| rqh djjuhjdwh vwdwh,/ dqg wkdw sdudphwhuv duh vxfk wkdw lqgxflqj wkh kljk hruw






@3 1 Dovr/ dvvxph wkdw wkh
frqvxpswlrq exqgoh

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ghqrwh wkh fruuhvsrqglqj h{shfwhg xwlolw|1 Zkloh wkh up jhwv
d surw htxdo wr
 +3, @  \  Sfd +3,  +4  S,fe +3, A 3
lw lv lpsrvvleoh iru wkh djhqw wr uhdfk dq h{shfwhg xwlolw| ohyho juhdwhu wkdq x +3,1
Vwduwlqj iurp +x +3,> +3,,/ lw lv lpsrvvleoh wr fkdqjh wkh frqwudfw vr dv wr ghfuhdvh
wkh sulqflsdo*v surw dqg lqfuhdvh wkh djhqw*v h{shfwhg xwlolw|= qr pdwwhu wkh frqwudfw/
wkh djhqw*v zhoiduh fdqqrw jr eh|rqg x +3,1 Lq d vwdqgdug uhsuhvhqwdwlrq ri wkh Sduhwr
iurqwlhu zkhuh wkh krul}rqwdo +uhvs1 yhuwlfdo, d{lv uhsuhvhqwv wkh djhqw*v h{shfwhg
xwlolw| +uhvs1 wkh sulqflsdo*v surw,/ wkh iurqwlhu kdv d yhuwlfdo vhjphqw;1 Wklv idfw
;Wr eh suhflvh/ rqo| wkh xsshu olplw ri wkh vhjphqw/ D/ ehorqjv wr wkh Sduhwr iurqwlhu> doo rwkhu
srlqwv duh Sduhwr0grplqdwhg e| D1 Dovr/ qrwh wkdw uhdfklqj wkh srlqwv ehorz D uhtxluhv iuhh glvsrvdo/
vlqfh lw pxvw eh srvvleoh wr zlwkgudz uhvrxufhv iurp wkh sulqflsdo zlwkrxw lqfuhdvlqj wkh djhqw*v
zhdowk1
44lv uhplqlvfhqw ri dqrwkhu/ pruh zhoo0nqrzq uhvxow douhdg| phqwlrqhg e| Jurvvpdqq
dqg Kduw +4<;6,= lq d vwdqgdug sulqflsdo0djhqw prgho zlwk prudo kd}dug dqg qrq
vhsdudeoh xwlolw|/ wkh djhqw*v sduwlflsdwlrq frqvwudlqw pd| qrw eh elqglqj 0 zklfk
zrxog fruuhvsrqg wr dq krul}rqwdo vhjphqw rq wkh Sduhwr iurqwlhu1 Qrwh/ krzhyhu/
wkdw wkh wzr uhvxowv duh xquhodwhg1 Lq sduwlfxodu/ rqh fdq h{klelw xwlolw| ixqfwlrqv wkdw
vdwlvi| rqh surshuw| exw qrw wkh rwkhu1
6161 Frpshwlwlrq zlwk xquhvwulfwhg frqwudfw vsdfh
Dowkrxjk wkh suhylrxv dujxphqw surylghv wkh edvlf lqwxlwlrq xqghuo|lqj rxu uhvxowv/
lw vwloo uholhv rq wkh dvvxpswlrq wkdw rqo| ghwhuplqlvwlf frqwudfwv duh lpsohphqwdeoh1
Lw lv krzhyhu zhoo0nqrzq lq frqwudfw wkhru| wkdw udqgrp frqwudfwv pd| eh pxwxdoo|
surwdeoh iru sulqflsdov dqg djhqwv lq wkh suhvhqfh ri prudo kd}dug +vhh Suhvfrww dqg
Wrzqvhqg +4<;7,/ Jmlhvgdo +4<;8,/ dqg Duqrww0Vwljolw} +4<;;,,1 Zh qrz fkdudfwhul}h
frpshwlwlyh htxloleuld lq wkh vsdfh ri udqgrpl}hg frqwudfwv1
Iluvw/ zh fdq xvh Ohppd 614 wr fkdudfwhul}h wkh htxloleulxp dv dq h!flhqw doorfd0
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Wklv surjudp/ krzhyhu/ lv qrw sduwlfxoduo| vlpsoh ru dwwudfwlyh1 Zh vkdoo qrz
glvfxvv lwv pdlq surshuwlhv1
H{ srvw udqgrpl}dwlrq Zh lqglfdwhg deryh wkdw/ lq lwv prvw jhqhudo irup/ wkh
frqwudfw  hqwdlov erwk h{ dqwh dqg h{ srvw udqgrpl}dwlrq1 Dv lw wxuqv rxw/ wkhvh wzr
w|shv ri udqgrpl}dwlrq sod| frpsohwho| glhuhqw urohv lq rxu frqwh{w1 Vshflfdoo|/ h{
srvw udqgrpl}dwlrq sod|v qr vshflf uroh lq rxu vhwwlqj/ dqg lv dfwxdoo| xvhohvv xqghu
d plog vwuhqjwkhqlqj ri Dvvxpswlrq G/ dv vwdwhg e| wkh iroorzlqj uhvxow=
Sursrvlwlrq 6171 Dw dq| EUV htxloleulxp/ zkhqhyhu wkh orz hruw lv h{huwhg wkh
frqwudfw hqwdlov qr h{ srvw udqgrpl}dwlrq1 Pruhryhu/ li wkh frqfdylw| ri wkh xwlolw|




wkhq wkh htxloleulxp frqwudfw qhyhu hqwdlov h{ srvw udqgrpl}dwlrq
45Wkh uvw sduw ri wkh Sursrvlwlrq lv reylrxv= zkhqhyhu wkh djhqw kdv fkrvhq wkh
orz hruw ohyho/ qr lqfhqwlyh sureohp dulvhv/ dqg lqfuhdvlqj wkh ulvn eruq e| wkh +ulvn
dyhuvh, djhqw fdq rqo| uhgxfh h!flhqf|1 Wkh vhfrqg sduw lv ohvv reylrxv/ dqg zdv uvw
ghprqvwudwhg e| Duqrww dqg Vwljolw} +4<;;,1 Wkh lqwxlwlrq iru h{ srvw udqgrpl}dwlrq
lv wkdw lq vrph fdvhv lw fdq khos uhod{lqj wkh lqfhqwlyh frqvwudlqwv1 Dvvxph/ iru
lqvwdqfh/ wkdw x+f>h, lv vxfk wkdw wkh djhqw lv ulvn qhxwudo zkhq h @ hk/ zkhuhdv kh
lv ulvn dyhuvh iru h @ ho1 Wkhq h{ srvw udqgrpl}dwlrq fdq eh xvhg dv dq hhfwlyh
lqfhqwlyh ghylfh = lw lqfuhdvhv wkh uhodwlyh frvw ri wkh orz hruw zlwkrxw fkdqjlqj
hlwkhu h{shfwhg surwv ru wkh djhqw*v h{shfwhg xwlolw| frqglwlrqdo rq hk1 Lq idfw/
lq wklv h{wuhph fdvh/ +vx!flhqw, h{ srvw udqgrpl}dwlrq fdq lpsohphqw wkh uvw ehvw1
Wklv/ krzhyhu/ uhtxluhv sduwlfxodu surshuwlhv ri wkh wklug furvv ghulydwlyh ri wkh xwlolw|
ixqfwlrq +l1h1/ wkh zd| C5x@Cf5 fkdqjhv zlwk hruw, wkdw duh uxohg rxw e| dvvxpswlrq
+GF,1 Whfkqlfdoo|/ +GF, lpsolhv lq sduwlfxodu wkdw ulvn dyhuvlrq lqfuhdvhv zlwk hruw
+ghfuhdvhv zlwk ohlvxuh,</ zklfk uxohv rxw wkh *lqfhqwlyh* uroh ri h{ srvw udqgrpl}dwlrq1
Dovr/ lw vkrxog eh qrwhg wkdw +GF, lv ixoo| frqvlvwhqw zlwk Dvvxpswlrq G1 Lqghhg/
wkh odwwhu vwdwhv wkdw wkh lqfuhdvh lq pdujlqdo xwlolw| ri lqfrph gxh wr dq lqfuhdvh lq
ohlvxuh lv qhjoljleoh zkhq frqvxpswlrq lv vpdoo/ dqg grplqdqw zkhq lw lv odujh/ zkloh
GF uhtxluhv wkdw lw lqfuhdvhv prqrwrqlfdoo| lq0ehwzhhq1
H{ dqwh udqgrpl}dwlrq Rq wkh frqwudu|/ h{ dqwh udqgrpl}dwlrq wxuqv rxw wr
sod| d nh| uroh lq rxu frqwh{w1 Wr vhh zk|/ vwduw iurp wkh vlwxdwlrq ghvfulehg deryh/
zkhuh wkh htxloleulxp zlwk ghwhuplqlvwlf frqwudfwv hqwdlov vrph srvlwlyh surw v lq
erwk vwdwhv v @4 >51 Qrz/ d sulqflsdo fdq vxffhvvixoo| sursrvh wkh iroorzlqj/ h{ dqwh
udqgrpl}hg frqwudfw= zlwk suredelolw|  +zkhuh  lv vpdoohu wkdq exw yhu| forvh wr
4,/ wkh djhqw uhfhlyhv wkh ghwhuplqlvwlf htxloleulxp frqwudfw> zlwk suredelolw| 4  /
kh uhfhlyhv dq dowhuqdwlyh frqwudfw/ hqwdlolqj orz hruw dqg vrph frqvxpswlrq ohyho
Fv lqghshqghqw ri wkh lqglylgxdo vkrfn +exw frqwlqjhqw rq wkh djjuhjdwh vwdwh,/ zlwk






Wklv frqwudfw lv ihdvleoh/ dqg hqwdlov d surw htxdo wr 1I r u4   dqg  vpdoo
hqrxjk/ Fv lv duelwudulo| odujh/ dqg x+Fv>h o, lv odujhu wkdq wkh xwlolw| jhqhudwhg dw
wkh ghwhuplqlvwlf htxloleulxp1 Lw iroorzv wkdw wkh qhz frqwudfw lv vwulfwo| suhihuuhg wr
wkh ghwhuplqlvwlf rqh/ khqfh zloo dwwudfw doo djhqwv/ zkloh vwloo jhqhudwlqj srvlwlyh surw
0 d frqwudglfwlrq zlwk wkh ghqlwlrq ri dq htxloleulxp1 Wklv vkrzv wkdw zkhqhyhu wkh
ghwhuplqlvwlf frqwudfw hqwdlov srvlwlyh surw lq erwk djjuhjdwh vwdwhv/ wkh htxloleulxp
frqwudfw fdqqrw eh ghwhuplqlvwlf/ exw pxvw hqwdlo udqgrpl}dwlrq1
Lq wkh udqgrpl}hg frqwudfw mxvw ghvfulehg/ hdfk djhqw fdq hlwkhu eh *oxfn|*/ lq
wkh vhqvh wkdw kh uhfhlyhv d qr hruw/ kljk frqvxpswlrq frqwudfw> ru kh fdq jhw wkh
vwdqgdug/ ghwhuplqlvwlf frqwudfw/ lq zklfk fdvh kh idfhv wkh vdph lqfhqwlyhv wr zrun
dv ehiruh1 Wkh lqwxlwlrq lv vlpsoh1 Ehfdxvh ri frpshwlwlyh suhvvxuhv/ surwv vkrxog
eh glvvlsdwhg lq zdjh lqfuhdvhv1 Wklv/ krzhyhu/ fdqqrw eh grqh lq d ghwhuplqlvwlf
<Wklv hhfw lv vrphzkdw qdwxudo1 Lw kdv ehhq dujxhg/ iru lqvwdqfh/ wkdw pruh ohlvxuh surylghv pruh
 h{lelolw| wr frsh zlwk dgyhuvh lqfrph vkrfnv +vd|/ e| lqfuhdvlqj oderu vxsso|,1 Vhh iru lqvwdqfh
Jroolhu +4<<<,
46zd|/ ehfdxvh lw zrxog ghvwur| lqfhqwlyhv wr zrun +wkdw*v wkh suhylrxv uhvxow,1 H{ dqwh
udqgrpl}dwlrq vroyhv wkh sureohp e| h{sorlwlqj wkh vhsdudelolw| ri h{shfwhg xwlolw|
dfurvv vwdwhv> wkh lghd ehlqj wr glvwulexwh wkh surw lq d frqwlqjhqw zd|/ l1h1/ lq
vrph vwdwhv ri wkh zruog +dv ghqhg e| wkh h{ dqwh udqgrp ghylfh,1 Whfkqlfdoo|/
udqgrpl}dwlrq fuhdwhv d +orz suredelolw|, frqwlqjhqf| zkhuh djhqwv duh suhvfulehg
wr h{huw orz hruw/ vr wkdw wkh lqfhqwlyh frqvwudlqw lv qrw elqglqj dqg surwv fdq eh
iuhho| glvwulexwhg1 AIurp wkh djhqw*v h{ dqwh ylhzsrlqw/ wklv udqgrpl}hg frqwudfw lv
ehwwhu/ ehfdxvh ri wkh srvlwlyh +hyhq li vpdoo, suredelolw| ri ehlqj oxfn|1
Lw pxvw eh vwuhvvhg wkdw/ dw htxloleulxp/ vrph djhqwv zloo zrun +h @ hk, zkhuhdv
rwkhu zloo qrw +h @ ho,1 Wklv kdv vrph frvw lq whup ri wrwdo surgxfwlrq/ vlqfh wkh odwwhu
zloo eh htxdo wr +4  , |v .  \v/ zklfk lv vwulfwo| ohvv wkdq  \v1 Krzhyhu/ wkh orvv
p d |e hy h u |v p d o o+ v l q f h fdq eh duelwudulo| forvh wr rqh,1 Rq d pruh wkhruhwlfdo
vlgh/ lw lv lpsruwdqw wr qrwh wkdw wkh frh{lvwhqfh ri glhuhqw htxloleulxp hruw ohyhov
grhv qrw uhtxluh wkh fruuhvsrqglqj xwlolwlhv wr eh htxdo1 Rq wkh frqwudu|/ h{ dqwh udq0
grpl}dwlrq lv xvhixo suhflvho| ehfdxvh lw doorzv wkh frh{lvwhqfh ri glhuhqw dqg qrq
htxlydohqw +lq whupv ri wkh djhqw*v xwlolw|, hruw ohyhov1 Wklv lqwxlwlrq uhyhdov fuxfldo
lq pruh jhqhudo frqwh{wv/ dqg hvshfldoo| zkhq glhuhqw frpprglwlhv duh surgxfhg
+vhh Ehqqdugr 4<<:,1
Wkh pdlq uhvxow Ilqdoo|/ wkh lqwxlwlrq jlyhq deryh iru wkh uroh ri udqgrpl}dwlrq
dvvxphv wkdw +ghwhuplqlvwlf, htxloleulxp surw lv srvlwlyh lq erwk vwdwhv1 Zh qrz
frqfhqwudwh rq wkh pruh lqwhuhvwlqj fdvh zkhuh/ lq wkh devhqfh ri udqgrpl}dwlrq/ wkh
htxloleulxp hruw lv hk dqg wkh rswlpdo frqwudfw hqwdlov srvlwlyh surw lq wkh jrrg
vwdwh +vwdwh 4, exw }hur surwv lq wkh dowhuqdwlyh vwdwh 51 Wklv zloo w|slfdoo| eh wkh
fdvh zkhq  \4 lv odujh zkloh  \5 lv vpdoo +vhh Dsshqgl{ G iru d irupdo surri,1 Zh dovr
dvvxph wkdw  |5 lv pxfk vpdoohu wkdq  |4 0 l1h1/ dowkrxjk suhyhqwlrq lv dozd|v jrrg/ lw
ehfrphv devroxwho| fuxfldo lq fdvh ri d kxuulfdqh1
Lq vxfk d frqwh{w/ h{ dqwh udqgrpl}dwlrq fdq vwloo eh xvhg wr uhglvwulexwh wkh
surw wkdw lv jhqhudwhg lq wkh jrrg vwdwh ri wkh zruog/ exw wklv fdq qr orqjhu eh
grqh dw qr frvw1 Wkh fuxfldo srlqw lv wkdw/ jlyhq wkh suhyhqwlrq whfkqrorj|/ hruw
pxvw eh fkrvhq +srvvleo| lq d udqgrp zd|, ehiruh wkh djjuhjdwh vwdwh ri wkh zruog
lv nqrzq1 Li d iudfwlrq 4   ri wkh djhqwv uhfhlyh wkh orz hruw frqwudfw/ wkhq zlwk
suredelolw| +4  , wkh dyhudjh surgxfwlrq ri wkhvh djhqwv zloo eh dw wkh yhu| orz ohyho
 |51 Fohduo|/ wklv ulvn lv qrq lqvxudeoh/ vlqfh lw gluhfwo| uh hfwv djjuhjdwh xqfhuwdlqw|
+whfkqlfdoo|/ wkh uhvrxufh frqvwudlqw pxvw eh vdwlvhg lq hdfk djjuhjdwh vwdwh,1 Dv
d uhvxow/ uhglvwulexwlrq ri surw lq vwdwh 4 lv uhdol}hg dw d frvw 0 qdpho|/ ohvv wrwdo
uhvrxufhv duh dydlodeoh lq wkh edg vwdwh 5/ zkhuh wkh| duh prvw qhhghg1 Wkh txhvwlrq/
qrz/ lv zkhwkhu wkh ehqhw ru udqgrpl}dwlrq 0 wkh delolw| wr uhglvwulexwh surw lq wkh
jrrg vwdwh 0 lv zruwk wkh frvw 0 qdpho|/ uhgxflqj hyhu|erg|*v frqvxpswlrq lq wkh edg
vwdwh/ dowkrxjk doo djhqwv zrxog eh zloolqj wr wudqvihu uhvrxufhv wr wkdw vwdwh1
Wkh dqvzhu xowlpdwho| ghshqgv rq wkh surshuwlhv ri wkh xwlolw| ixqfwlrq/ dv vwdwhg
wkh qh{w sursrvlwlrq1
Sursrvlwlrq 6181 Dvvxph wkdw Dvvxpswlrqv G dqg GF duh vdwlvhg1 Li xwlolw| zlwk
47w k ho r zh  r u wl vx q e r x q g h gd e r y h=
olp
{$.4x+{>ho,@. 4
wkhq wkh EUV htxloleulxp frqwudfw dozd|v hqwdlov h{ dqwh udqgrpl}dwlrq dqg }hur
surw1 Frqyhuvho|/ li xwlolw| lv erxqghg deryh =
olp
{$.4x+{>ho, ? .4
wkhq wkhuh h{lvw dq rshq udqjh ri sdudphwhuv iru zklfk dq| EUV htxloleulxp frqwudfw
lv ghwhuplqlvwlf dqg htxloleulxp surwv duh srvlwlyh lq vwdwh 41
Surri= vhh Dsshqgl{
Wkh lqwxlwlrq lv wkdw d yhu| vpdoo 4   ohdgv wr sudfwlfdoo| lqqlwh frqvxpswlrq
lq wkh prvw oxfn| fdvh +orz hruw frqwudfw dqg jrrg vwdwh ri wkh zruog,/ dqg wklv shu0
vshfwlyh/ krzhyhu xqolnho|/ lv vx!flhqw wr ghflgh lq idyru ri udqgrpl}dwlrq zkhqhyhu
xwlolw| lv xqerxqghg1 Frqyhuvho|/ li xwlolw| lv erxqghg/ udqgrpl}dwlrq pd|/ ghshqglqj
rq wkh sdudphwhuv/ ehfrph wrr frvwo|1 Wkhq wkh htxloleulxp frqwudfw lv wkh ghwhu0
plqlvwlf rqh/ dqg hqwdlov srvlwlyh surw1 Qrwh wkdw lq rxu frqwh{w/ d erxqghg xwlolw|
kdv wkh iroorzlqj lqwhusuhwdwlrq = wkhuh h{lvwv vrph frqvxpswlrq ohyho  F/v r p h+ y h u |
vpdoo, suredelolw| 4   dqg vrph +yhu| orz, frqvxpswlrq ohyho  D vxfk wkdw d orwwhu|
sd|lqj  D zlwk suredelolw|   dqg vrph duelwudulo| odujh dprxqw E zlwk suredelolw|
4    zloo qhyhu eh suhihuuhg wr  F/ zkdwhyhu E= Ru/ wr sxw lw glhuhqwo|= sd|lqj dq
lqqlwh dprxqw zlwk d orz suredelolw| lv qrw vx!flhqw wr frpshqvdwh iru d odujh +exw
qlwh, dqg yhu| olnho| orvv1
AIurp qrz rq/ rxu dqdo|vlv zloo pdlqo| irfxv rq wkh vlwxdwlrq mxvw ghvfulehg
zkhuh wkh htxloleulxp frqwudfw lv ghwhuplqlvwlf dqg jhqhudwhv srvlwlyh surw lq wkh





ghqrwh wkh fruuhvsrqglqj htxloleulxp frqwudfw1
71 D jhqhudo htxloleulxp ylhzsrlqw
7141 Wkh iudphzrun
Lq wkh suhylrxv vhfwlrqv/ zh dgrswhg d vwudwhjlf srlqw ri ylhz/ zkhuh d qlwh qxpehu ri
sulqflsdov vlpxowdqhrxvo| sursrvh frqwudfwv1 Wklv vhwwlqj h{solflwo| wdnhv lqwr dffrxqw
wkh vwudwhjlf qdwxuh ri frpshwlwlrq/ dqg uholhv xsrq dq htxloleulxp frqfhsw eruurzhg
iurp jdph wkhru| +qrq frrshudwlyh Qdvk lq rxu fdvh,1 Zh qrz frqvlghu dq dowhuqdwlyh/
*jhqhudo htxloleulxp* shuvshfwlyh zkhuh djhqwv duh sulfh wdnhuv lq d jhqhudo frpprglw|
vsdfh1 Wkh dssurdfk lv eruurzhg iurp wkh vhplqdo zrun ri Suhvfrww dqg Wrzqvhqg
+4<;7d/ e,1 Zh dvvxph wkdw wkh hfrqrp| frqvlvwv ri wzr w|shv ri djhqwv/ krxvhkrogv
dqg lqwhuphgldulhv 0 wkh odwwhu fruuhvsrqglqj wr wkh sulqflsdov lq wkh EUV frqwh{w143
43Dq dowhuqdwlyh dqg htxlydohqw lqwhusuhwdwlrq dvvxphv dzd| lqwhuphgldulhv1 Wkh djhqwv lq wkh
hfrqrp| fdq fuhdwh lqvxudqfh upv lq wkh xvxdo zd|/ l1h1 e| doorfdwlqj surshuw| uljkwv +vkduhv,
dprqj wkhp/ dqg surwv +li dq|, duh glvwulexwhg dprqj vkduhkroghuv1
48Zh xvh wkh *Zdoudvldq* frqfhsw ri htxloleulxp xqghu dv|pphwulf lqirupdwlrq ghqhg
e| Suhvfrww dqg Wrzqvhqg1 Lq sduwlfxodu/ zh xvh wkh prgholqj whfkqrorj| surylghg
lq wkhlu sdshuv1 Qr uhvwulfwlrq lv sodfhg rq wkh vsdfh ri hqirufhdeoh frqwudfwv> l1h1/
zh frqvlghu wkh sxuh prudo kd}dug fdvh ghqhg deryh/ zkhuh wkh vhw ri dydlodeoh
+udqgrp, frqwudfwv doorzv wr h{sorlw doo srwhqwldo jdlqv iurp wudgh1
Lq wklv vhwwlqj/ d frqwudfw lv d glvwulexwlrq rq wkh vsdfh ri doorzdeoh frqvxps0
wlrqv/ surgxfwlrqv dqg hruw1 Iroorzlqj Suhvfrww Wrzqvhqg/ zh pdnh wkh vlpsoli|lqj
dvvxpswlrq wkdw wkh vhw ri srvvleoh frqvxpswlrq ohyhov dqg/ frqvhtxhqwo|/ wkh vhw ri
doorzdeoh frqwudfwxdo frqwlqjhqw sd|rv duh qlwh1 Whfkqlfdoo|/ d frqwudfw lv d yhfwru






zkhuh f ydulhv zlwklq wkh qlwh vhw ri ihdvleoh frqvxpswlrq ohyhov/ dqg l 5i o>kj lqgh{hv
wkh hruw ohyho1 Vshflf frqvwudlqwv kdyh wr eh vdwlvhg/ wkdw uh hfw wkh qdwxuh ri wkh
dydlodeoh whfkqrorj| +h1j1/ wkh pdujlqdo suredelolw| ri surgxflqj |{ lq wkh djjuhjdwh
vwdwh v frqglwlrqdo rq vxsso|lqj hruw hl lv jlyhq e| qdwxuh, dqg wkh suredelolw| qdwxuh
ri wkh frpprglw| +h1j1/ wkh vxp ri frqglwlrqdo suredelolwlhv pxvw htxdo rqh,441D o v r /
wkh iroorzlqj qrwdwlrq zloo uhyhdo frqyhqlhqw=







ghqrwhv wkh uhvwulfwlrq ri { wr wkh djjuhjdwh vwdwh v +l1h1/ wkh glvwulexwlrq ri frqvxps0
wlrq/ surgxfwlrq dqg hruw zkhq vwdwh v lv uhdol}hg,1
Hdfk frpprglw| +frqwudfw, { kdv d sulfh1 Sulfhv ri frpprglwlhv duh olqhdu zlwk
uhvshfw wr wkh suredelolwlhv S+f>|{
v>h l,> l1h1/ li f>|{
4>hl lv wkh sulfh ri d frqwudfw sd|lqj
f frqwlqjhqw rq hl dqg rq wkh uhdol}dwlrq ri wkh hqgrzphqw |{
v> dqg }hur rwkhuzlvh/








Djdlq/ lw lv frqyhqlhqw wr xvh wkh qrwdwlrq
@+  4>5,
44Wkhvh frqvwudlqwv duh h{dfwo| dqdorjrxv wr wkrvh lq Suhvfrww0Wrzqvhqg> iru euhylw|/ zh gr qrw
uhvwdwh wkhp khuh1
49vr wkdw
={ @ 4={4 . 5={5
Frqwudfwv duh rhuhg e| ulvn0qhxwudo lqwhuphgldulhv wkdw duh sulfh wdnhuv dqg vxs0









Lq zrugv/ wklv frqvwudlqw uhtxluhv wkdw/ lq hdfk djjuhjdwh vwdwh ri wkh zruog/ lq0
whuphgldulhv fdqqrw gholyhu pruh ri wkh frqvxpswlrq jrrg wkdq zkdw lv dfwxdoo|
surgxfhg1
Ilqdoo|/ krxvhkrogv ex| frqwudfwv dw pdunhw sulfh vr dv wr pd{lpl}h xwlolw| xqghu
exgjhw frqvwudlqw/ dqg xqghu wkh dgglwlrqdo frqvwudlqw wkdw dq| sxufkdvhg frqwudfw
pxvw ehorqj wr wkh frqvxpswlrq vhw1 D vshflf ihdwxuh ri Suhvfrww dqg Wrzqvhqg*v
dssurdfk lv wkh wuhdwphqw ri wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw1 Suhvfrww dqg
Wrzqvhqg vxjjhvw wr lqfoxgh wkh frqvwudlqw zlwklq wkh ghqlwlrq ri wkh djhqw*v frq0
vxpswlrq vhw +lq rwkhu zrugv/ wkh djhqw fdqqrw *frqvxph* d frqwudfw wkdw lv qrw
lqfhqwlyh frpsdwleoh,1
D uvw frqvhtxhqfh ri wklv vhwwlqj lv wkh iroorzlqj=
Ohppd 7141 Dw dq| htxloleulxp/ surwv pxvw eh }hur1 Lq sduwlfxodu/ dw dq| htxl0
oleulxp zlwk srvlwlyh wudgh/ wkh sulfh yhfwru v pxvw eh hlwkhu lghqwlfdoo| qxoo ru
sursruwlrqdo wr uv1
Surri1 Dvvxph wkdw/ dw htxloleulxp/ d frqwudfw jhqhudwhv srvlwlyh surwv1 Zlwk
d olqhdu whfkqrorj|/ lwv vxsso| zrxog wkhq eh lqqlwh/ dqg pdunhw fohdulqj fdqqrw
rewdlq/ d frqwudglfwlrq1
Dvvxph/ qrz/ wkdw v lv qrw lghqwlfdoo| qxoo/ dqg frqvlghu wkh wzr kdoi vsdfhv
Hv @ i{@v{A3j dqg Huv @ i{@u v{  3j 1L iv lv qrw sursruwlrqdo wr uv/ wkhq
wkh wzr vsdfhv kdyh d qrq hpsw| lqwhuvhfwlrq/ zklfk lv d frqyh{ frqh1 Li wklv frqh
kdv dq hpsw| lqwhuvhfwlrq zlwk wkh srvlwlyh ruwkdqw/ qr ihdvleoh frqwudfw jhqhudwhv d
qrq0qhjdwlyh surw> wkhq qr wudgh wdnhv sodfh dw htxloleulxp1 Li/ rq wkh rwkhu kdqg/
wkh lqwhuvhfwlrq ri wkh frqh zlwk wkh srvlwlyh ruwkdqw lv qrw hpsw|/ wkhuh h{lvwv d
frqwudfw wkdw lv ihdvleoh dqg jhqhudwhv d vwulfwo| srvlwlyh surw/ d frqwudglfwlrq1
45Li lqwhuphgldulhv duh doorzhg wr wudgh dprqj wkhp frpprglwlhv dffurvv vwdwhv ri wkh zruog xvlqj
Duurz0Gheuhx vhfxulwlhv +vd|/ vhoolqj rqh xqlw ri wkh frpprglw| lq vwdwh 4 lq h{fkdqjh iru & xqlwv ri
wkh frpprglw| lq vwdwh 5,/ wkhq rqo| rqh frqvwudlqw lv qhhghg1 Krzhyhu/ vlqfh vxfk wudghv fdqqrw
wdnh sodfh dw htxloleulxp/ wkh htxloleulxp zloo dfwxdoo| vdwlvi| wkh wzr frqvwudlqwv or%r 'f 1R x u
uhvxowv krog xqghu erwk lqwhusuhwdwlrqv1
4:Wkh lqwxlwlrq lv wkdw li surwv duh srvlwlyh/ wkhq dq| surgxfhu lv zloolqj wr vxs0
so| dq lqqlwh dprxqw ri wkh fruuhvsrqglqj frqwudfwv1 Vlqfh ghpdqg lv qhfhvvdulo|
qlwh/ wkhuh pxvw eh h{fhvv vxsso| dqg pdunhwv gr qrw fohdu1 Lw iroorzv wkdw wkh
Suhvfrww0Wrzqvhqg dssurdfk h{solflwo| uhtxluhv hlwkhu }hur surw ru }hur sulfhv dv dq
htxloleulxp frqglwlrq1
7151 H{lvwhqfh ri dq htxloleulxp
Zh qrz frqfhqwudwh rq wkh h{lvwhqfh ri dq htxloleulxp1 D uvw uhpdun lv wkdw/ lq rxu
vhwwlqj/ d }hur0sulfh htxloleulxp fdqqrw h{lvw1 Lqghhg/ sulfhv duh xvhg wr ghfhqwudol}h
wkh ihdvlelolw| frqvwudlqwv dw wkh djhqwv* ohyho1 Li wkh| duh }hur/ wkhuh lv d srvlwlyh
ghpdqg iru frqwudfwv wkdw duh qrw ihdvleoh dqg dq htxloleulxp fdqqrw h{lvw1 Irupdoo|=
Ohppd 7151 Dw dq| htxloleulxp/ qhlwkhu 4 qru 5 fdq htxdo wkh qxoo yhfwru1
Surri1 Dvvxph wkdw v lv lghqwlfdoo| qxoo1 Frqvlghu d frqwudfw { @+ {4>{ 5, vxfk wkdw
{v uhtxluhv wkh orz hruw ohyho dqg surylghv vrph yhu| kljk ohyho ri frqvxpswlrq F
zlwk suredelolw| rqh/ zkdwhyhu wkh lglrv|qfudwlf rxwfrph1 Wklv frqwudfw lv lqfhqwlyh0
frpsdwleoh/ khqfh ehorqjv wr wkh djhqwv*v frqvxpswlrq vhw1 Dovr/ ex|lqj wklv frqwudfw
fdqqrw eh lqfrpsdwleoh zlwk wkh exgjhw frqvwudlqw/ vlqfh lwv sulfh lv }hur zkdwhyhu
F1I r uF odujh hqrxjk/ lw lv suhihuuhg wr dq| lqfhqwlyh0frpsdwleoh frqwudfw lqgxflqj
kljk hruw +uhphpehu wkh xwlolw| surylghg e| vxfk frqwudfwv lv erxqghg,1 Dw }hur
sulfhv/ wkhuh zloo eh d srvlwlyh ghpdqg iru vrph frqwudfwv ri wklv nlqg1 Krzhyhu/ wkh|
fdqqrw eh vxssolhg/ vlqfh wkh| ylrodwh wkh ihdvlelolw| frqvwudlqw1
Zh fdq qrz vkrz rxu pdlq uhvxow1
Sursrvlwlrq 7161 Frqvlghu wkh vhw H ri hfrqrplhv lq zklfk doo Qdvk htxloleulxp
frqwudfw hqwdlo srvlwlyh surw lq wkh djjuhjdwh vwdwh 4 dqg }hur surw lq wkh djjuhjdwh
vwdwh 51 Qr Zdoudvldq htxloleulxp h{lvwv lq dq| hfrqrp| ehorqjlqj wr wkh vhw H1
Surri1 AIurp Ohppdv 714 dqg 715/ dw dq| htxloleulxp zlwk qrq }hur wudgh/ wkh sulfh
yhfwru pxvw eh sursruwlrqdo wr +u4>u 5,1 Htxloleulxp sulfhv duh wkxv ghqhg xs wr d
pxowlsolfdwlyh frqvwdqw1 Diwhu qrupdol}dwlrq/ wkh sulfh ri dq| frqwudfw +lqfoxglqj
a , pxvw eh vxfk wkdw wkh surgxfhu pdnhv }hur surw1 Lw iroorzv wkdw/ zkhqhyhu wkh
frqglwlrqv iru Sursrvlwlrq 716 duh vdwlvhg/ wkh sulfh ri a  pxvw eh qhjdwlyh +l1h1/ wkh
djhqw uhfhlyhv prqh| zkhq sxufkdvlqj wkh frqwudfw, dqg htxdo wr plqxv wkh surw
pdgh rq a 1
Frqvlghu/ qrz/ wkh djhqw*v shuvshfwlyh1 Li kh fkrrvhv a / klv exgjhw frqvwudlqw lv
qrw elqglqj1 Vr kh fdq drug d frqwudfw wkdw lv voljkwo| pruh h{shqvlyh1 Iru lqvwdqfh/












+l1h1/ vxfk wkdw fd
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4;uhphpehu vxfk d frqwudfw h{lvwv e| frqvwuxfwlrq,1 Vlqfh 5 lv sursruwlrqdo wr u5/w k h










5, ehorqjv wr wkh djhqw*v exgjhw dqg frqvxpswlrq vhwv/ dqg lv
vwulfwo| suhihuuhg wr a = Dw dq| htxloleulxp/ wkh ghpdqg ri d frqwudfw ri wklv vruw zloo
eh srvlwlyh/ zkhuhdv lwv vxsso| pxvw eh }hur vlqfh lw ylrodwhv wkh ihdvlelolw| frqvwudlqw
lq vwdwh 5 0 d frqwudglfwlrq1
Wzr frpphqwv duh lq rughu dw wklv srlqw1 Iluvwo|/ wkh suhylrxv Sursrvlwlrq surylghv
dq h{dpsoh ri dq hfrqrp| zkhuh qr Zdoudvldq htxloleulxp d od Suhvfrww0Wrzqvhqg
h{lvwv1 Wklv frqfoxvlrq pd| vhhp vxusulvlqj/ ehfdxvh ri wkh forvh uhodwlrqvkls ehwzhhq
wkh Suhvfrww0Wrzqvhqg dssurdfk dqg vwdqgdug jhqhudo htxloleulxp +JH, wkhru|1 D
Suhvfrww0Wrzqvhqg hfrqrp| lv exw d sduwlfxodu fdvh ri d surgxfwlrq hfrqrp| zlwk
frqvwdqw uhwxuq wr vfdoh whfkqrorjlhv> wkh h{lvwhqfh ri dq htxloleulxp rewdlqv dv d
frqvhtxhqfh ri wkh vwdqgdug h{lvwhqfh wkhruhp lq JH1 Krzhyhu/ wkh dqdorj| ehwzhhq
prudo kd}dug hfrqrplhv dqg vwdqgdug JH prghov uhtxluhv d uhlqwhusuhwdwlrq ri vxfk
edvlf frqfhswv dv sulfhv ru frpprglwlhv1 Wkurxjk wkh uhlqwhusuhwdwlrq surfhvv/ vrph
dvvxpswlrqv wkdw vhhp wrwdoo| qdwxudo lq wkh vwdqgdug iudphzrun pd| ehfrph pxfk
pruh uhvwulfwlyh/ dqg pd| dfwxdoo| idlo wr eh vdwlvhg lq pdq| frqwh{wv1 Iru lqvwdqfh/
prqrwrqlflw| ri suhihuhqfhv/ d qdwxudo k|srwkhvlv lq vwdqgdug frqvxphu wkhru|/ grhv
qrw rewdlq lq wkh qhz vhwwlqj1 Dv lw lv zhoo nqrzq/ wkh h{lvwhqfh wkhruhp lq JH +vhh
Gheuhx 4<8< ru Duurz dqg Kdkq 4<:4, krogv zlwkrxw prqrwrqlflw| ri suhihuhqfhv/
exw lw wkhq uhtxluhv orfdo qrq vdwldwlrq dqg uhvrxufh0uhodwhgqhvv1 Zlwk ghwhuplqlvwlf
frqwudfwv rqo|/ orfdo qrq vdwldwlrq lv qrw vdwlvhg lq rxu frqwh{w +xwlolw| lv orfdoo|
vdwldwhg dw a ,1 Zkhq orwwhu| frqwudfwv duh hqirufhdeoh/ orfdo qrq vdwldwlrq lv vdwlvhg/
exw uhvrxufh uhodwhgqhvv lv qrw1
Vhfrqgo|/ wkh uhvxow kdv dq lpsruwdqw lpsolfdwlrq iru wkh olqnv ehwzhhq Zdoudvldq
dqg Ehuwudqg htxloleuld461 Lw fdq eh hdvlo| vkrzhg wkdw wkh wzr vhwv frlqflgh zkhq0
hyhu/ dw hdfk EUV htxloleulxp/ upv pdnh }hur surwv1 Iru wklv fodvv ri hfrqrplhv/
wkh Zdoudvldq htxloleulxp frqfhsw fdq eh lqwhusuhwhg dv d uhgxfhg htxloleulxp irup
ri d Ehuwudqg0Qdvk jdph1 Lq wkh dowhuqdwlyh fdvh zkhuh EUV htxloleuld hqwdlo srvl0
wlyh surwv/ d frpsohwho| glhuhqw uhvxow rewdlqv1 EUV dqg Zdoudvldq htxloleuld gr
qrw frlqflgh> Zdoudvldq htxloleuld gr qrw h{lvw lq wkdw fdvh/ zkhuhdv EUV htxloleuld
dozd|v h{lvw dqg duh frqvwudlqhg h!flhqw1 Wkh nh| lqwxlwlrq lv wkdw srvlwlyh surwv
frqwudglfwv pdunhw fohdulqj1 Dvvxph wkdw wkh EUV htxloleulxp frqwudfw hqwdlov srvl0
wlyh surw +zklfk lpsolhv lq sduwlfxodu wkdw wkh vxsso| ri wkhvh frqwudfwv lv udwlrqhg
dw htxloleulxp,1 E| ghqlwlrq/ wklv frqwudfw lv suhihuuhg e| djhqwv wr dq| dowhuqd0
wlyh/ ihdvleoh rqh 0 lqfoxglqj wkrvh hqwdlolqj }hur surw1 Dv dujxhg deryh/ pdunhw
fohdulqj uhtxluhv wkdw rqo| frqwudfwv |lhoglqj }hur surw fdq eh h{fkdqjhg1 Exw dq|
sulqflsdo frxog wkhq surwdeo| ghyldwh e| sursrvlqj d srvlwlyh surw frqwudfw wkdw
lv suhihuuhg e| djhqwv dv zhoo1 Lq rwkhu zrugv/ wkh Zdoudvldq htxloleulxp frqfhsw
grhv qrw vdwlvi| wkh edvlf frqglwlrq ri devhqfh ri surwdeoh ghyldwlrq ghqlqj qrq
frrshudwlyh Qdvk htxloleuld1 Zkdw pdunhw fohdulqj frqglwlrqv gr lv lpsrvlqj dg krf
46Vhh Ehqqdugr +4<<:, iru d ghwdlohg dqdo|vlv ri wkh olqnv ehwzhhq Zdoudvldq dqg Ehuwudqg htxl0
oleuld zlwklq d jhqhudo/ pxowl0frpprglw| vhwwlqj1
4<frqvwudlqwv rq wkh vhw ri pxwxdoo| frqyhqlhqw wudghv wkdw djhqwv fdq xqghuwdnh +lq rxu
fdvh/ dq xqiruwxqdwh frqvhtxhqfh lv wkdw qr htxloleulxp vdwlvi|lqj wkhvh frqvwudlqwv
h{lvw,1 Lq wklv vhqvh/ wkh Zdoudvldq0olnh htxloleulxp qrwlrq fdq eh frqvlghuhg dv d
txlwh xqvdwlvidfwru| htxloleulxp frqfhsw1
Ilqdoo|/ d glhuhqw prgholqj fkrlfh fdq eh pdgh> qdpho|/ wkh lqfhqwlyh frqvwudlqw
fdq eh lpsrvhg rq wkh vhw ri frqwudfwv rhuhg e| lqwhuphgldulhv lqvwhdg ri ehlqj
lqwurgxfhg wkurxjk wkh ghqlwlrq ri wkh frqvxpswlrq vhw1 Wkhq Zdoudvldq htxlole0
uld dozd|v h{lvwv/ hyhq zkhq Ehuwudqg htxloleulxp frqwudfwv jhqhudwh srvlwlyh surw>
krzhyhu/ Zdoudvldq htxloleuld duh w|slfdoo| frqvwudlqhg lqh!flhqw +ehfdxvh wkh| hqwdlo
orz hruw,1 Lq wklv fdvh/ lpsrvlqj pdunhw fohdulqj w|slfdoo| uhvxowv lq zhoiduh orvvhv1
81 Uhodwhg olwhudwxuh
Rxu qglqjv duh uhodwhg wr wkuhh eudqfkhv ri wkh olwhudwxuh rq dv|pphwulf lqirupdwlrq=
jhqhudo htxloleulxp dssurdfk/ vwudwhjlf frpshwlwlrq zlwk ghfhqwudol}hg wudglqj dqg
phfkdqlvp ghvljq1
Khospdq dqg Odrqw +4<:8,/ Suhvfrww dqg Wrzqvhqg +4<;7,/ Jdoh +4<<9, dqg
Elvlq dqg Jrwwdugl +4<<;, duh dprqj wkh pdlq frqwulexwruv wr wkh olwhudwxuh rq jhq0
hudo htxloleulxp zlwk dv|pphwulf lqirupdwlrq1 Wkh uhodwlrqvklsv ehwzhhq rxu prgho
dqg Suhvfrww0Wrzqvhqg kdyh ehhq glvfxvvhg lq wkh suhylrxv vhfwlrq1 Lq dqrwkhu vhp0
lqdo frqwulexwlrq/ Khospdq dqg Odrqw +4<:8, fkdudfwhul}h Zdoudvldq htxloleuld zlwk
prudo kd}dug dqg dqrq|prxv wudghv dqg vkrz wkdw Zdoudvldq htxloleuld pd| qrw h{0
lvw ehfdxvh ri wkh glvfrqwlqxlw| ri wkh dvvhwv* ghpdqg fruuhvsrqghqfh jhqhudwhg e|
prudo kd}dug xqghu olqhdu sulfhv> zkhq wkh| h{lvw/ wkh| duh jhqhulfdoo| frqvwudlqhg
lqh!flhqw1 Elvlq dqg Jrwwdugl +4<<:, jhqhudol}h wkhvh uhvxowv wr d odujhu fodvv ri
hfrqrplhv dqg dovr ghprqvwudwh wkdw h{lvwhqfh fdq eh uhvwruhg e| lpsrvlqj +h{rjh0
qrxv, erxqgv rq djhqwv* wudghv1 Vxfk erxqgv rq wudghv duh vxjjhvwlyh ri udwlrqlqj
skhqrphqd1 Lq d Zdoudvldq vhwwlqj/ krzhyhu/ wudghv* uhvwulfwlrqv hqvxulqj h{lvwhqfh
kdyh wr eh h{rjhqrxvo| lpsrvhg +zkhwkhu wkh| fdq hqgrjhqrxvo| hphujh iurp pdunhw
lqwhudfwlrqv uhpdlq xqfohdu,/ ixuwkhupruh/ zh uxoh rxw wkhvh sureohpv e| dvvxplqj
qrq0dqrq|prxv/ h{foxvlyh wudghv1 Ilqdoo|/ Jdoh +4<<9, vwxglhv frpshwlwlrq zlwk dg0
yhuvh vhohfwlrq lq d qrq vwudwhjlf0vhwwlqj zkhuh pdunhwv duh dvvxphg wr fohdu wkurxjk
udwlrqlqj1 Dowkrxjk rxu dssurdfk dqg wkdw ri Jdoh duh wr vrph h{whqw frpsohphqwdu|/
wkh k|srwkhvhv rq wkh wudglqj phfkdqlvpv duh glhuhqw1 Lq wkh htxloleulxp qrwlrq
xvhg e| Jdoh/ udwlrqlqj lv wkh rqo| pdunhw fohdulqj phfkdqlvp dydlodeoh +pdunhwv
fohdu e| udwlrqlqj lqvwhdg ri sulfhv,/ zkloh lq rxu frqwh{w udwlrqlqj hphujh rqo| li lw
doorzv wr h{sorlw jdlqv iurp wudgh wkdw fdqqrw eh dfklhyhg dw pdunhw fohdulqj sulfhv1
Uhjduglqj wkh jdph0wkhruhwlf olwhudwxuhv rq ghfhqwudol}hg wudglqj dqg phfkdqlvp
ghvljq/ rxu qglqjv duh uhodwhg wr wkuhh w|shv ri uhvxowv lq wkhvh olwhudwxuh1 Rqh lv
wkh h{lvwhqfh ri Qdvk htxloleuld zlwk srvlwlyh surw lq lqvxudqfh hfrqrplhv zlwk
dqrq|prxv wudghv zklfk kdv ehhq vwxglhg lq vhyhudo sdshuv e| Duqrww dqg Vwljolw}
+4<;:/ 4<;;/ 4<<6,/ dqg uhfhqwo| e| Elvlq dqg Jxdlwrol +4<<<,1 D vhfrqg uhodwhg
uhvxow lv wkh h{lvwhqfh ri htxloleuld zlwk udwlrqlqj/ zklfk lv d vwdqgdug uhvxow ri wkh
h!flhqf| zdjh2fuhglw udwlrqlqj olwhudwxuh1 Ilqdoo|/ wkh rswlpdolw| ri exgjhw euhdnlqj
phfkdqlvpv iru hqylurqphqwv zlwk dv|pphwulf lqirupdwlrq dqg h{whuqdolwlhv kdv ehhq
53vwxglhg lq wkh phfkdqlvp ghvljq olwhudwxuh dqg lq wkh olwhudwxuh rq prudo kd}dug lq
whdpv1 Wkh uvw wzr fodvvhv ri prghov +prudo kd}dug zlwk dqrq|prxv wudghv dqg
h!flhqf| zdjh, ghsduw h{solflwo| iurp wkh sxuh prudo kd}dug fdvh zh frqvlghu lq wkh
suhvhqw sdshu/ lq wkh vhqvh wkdw wkh| uhvwulfw wkhlu dwwhqwlrq wr d sduwlfxodu vxevhw ri
wkh frqwudfw vsdfh +l1h1/ wkh| dvvxph dzd| hlwkhu h{foxvlyh ru udqgrpl}hg frqwudfwv 0
ru erwk,/ zkloh wkh olwhudwxuh rq exgjhw euhdnlqj zlwk prudo kd}dug irfxv rq vlwxdwlrq
zkhuh exgjhw euhdnlqj rqo| rffxuv rxw ri wkh htxloleulxp sdwk1
Vshflfdoo|/ lq wkh vlqjoh0jrrg lqvxudqfh vhwwlqj zlwk dqrq|prxv wudghv vwxglhg e|
Duqrww0Vwljolw} dqg Elvlq0Jxdlwrol/ srvlwlyh surwv duh d frqvhtxhqfh ri d glvfrqwlqxlw|
lq wkh ghpdqg iru lqvxudqfh1 Vxfk d glvfrqwlqxlw| lv lq wxuq fdxvhg e| wkh h{whuqdolw|
wkdw dsshduv lq wkh devhqfh ri h{foxvlyh uhodwlrqvkls 0 d srlqw uvw hpskdvl}hg e|
Khospdq dqg Odrqw +4<:7, +vhh dovr Khoozlj +4<;6, dqg Vhjdo +4<<<, rq wklv srlqw,1
Wkh lghd/ khuh/ lv wkdw zkhq djhqwv fdq iuhho| ex| lqvxudqfh iurp glhuhqw lqvxuhuv/
wkh surwdelolw| ri wkh frqwudfw rhuhg e| hdfk lqvxuhu ghshqgv +wkurxjk lqfhqwlyhv,
rq wkh wrwdo dprxqw ri lqvxudqfh wkdw wkh djhqw uhfhlyhv1 Lq rxu vhwwlqj/ srvlwlyh
surwv htxloleuld h{lvw hyhq wkrxjk h{foxvlyh frqwudfwv uxoh rxw wklv h{whuqdolw|1 Lq
dgglwlrq/ wkh srvlwlyh surw uhvxow lq Duqrww0Vwljolw} grhv qrw h{whqg wr hfrqrplhv
zkhuh djhqwv fdq wudgh udqgrpl}hg frqwudfwv1
Wkh h!flhqf| zdjhv olwhudwxuh +vhh Vkdslur0Vwljolw} +4<;7, dqg Pdofrpvrq0PdfOhrg
+4<;<, dprqj rwkhuv, lv edvhg rq dqrwkhu w|sh ri h{whuqdolw| 0 qdpho|/ wkh surwdelo0
lw| ri d oderu frqwudfw ghshqgv rq wkh xqhpsor|phqw udwh ri wkh hfrqrp| +l1h1 rq wkh
klulqj ghflvlrqv ri doo wkh rwkhu upv lq wkh hfrqrp|,1 Wkh lqlwldo Vkdslur0Vwljolw}
+4<;7, prgho dovr lpsrvhv h{rjhqrxv erxqgv xsrq wkh *sxqlvkphqw* wkdw fdq eh lq0
 lfwhg wr dq djhqw +w|slfdoo|/ kh fdq rqo| eh odlg r dw zruvh,1 Hyhq xqghu wkhvh
uhvwulfwlrqv/ krzhyhu/ wkh udwlrqlqj uhvxow lv qrw urexvw wr wkh lqwurgxfwlrq ri qrq
olqhdu sulflqj ghylfhv vxfk dv erqglqj/ dv vkrzhg e| Fduplfkdho +4<;8,1 Pdofrp0
vrq dqg Pdf0Ohrg/ rq wkh rwkhu kdqg/ dvvxph *grxeoh prudo kd}dug*/ lq wkh vhqvh
wkdw qhlwkhu wkh djhqw*v hruw/ qru wkh sulqflsdo*v phdvxuhphqw ri rxwsxw duh yhu0
ldeoh1 Xqghu wklv dvvxpswlrq/ wkh hphujhqfh ri h!flhqf| zdjhv grhv qrw uhtxluh
olplwhg oldelolw|> lw vwhpv iurp wkh uhvwulfwlrqv rq wkh vhw ri hqirufhdeoh frqwudfwv gxh
wr wkh sulqflsdov* lqfhqwlyh frqvwudlqwv1 Krzhyhu/ udwlrqlqj/ djdlq/ lv qrw urexvw wr
wkh lqwurgxfwlrq ri udqgrp frqwudfwv/ dqg vshflfdoo| ri wrxuqdphqwv/ dv dujxhg e|
Pdofrpvrq +4<;7,1 Vlplodu frqvlghudwlrqv dovr dsso| wr wkh fuhglw pdunhw prgho ri
Vwljolw} dqg Zhlvv +4<;4,1 Ilqdoo|/ dq lqwhuhvwlqj glhuhqfh zlwk rxu uhvxowv lv wkdw
lq erwk h!flhqf| zdjh dqg fuhglw udwlrqlqj prghov/ wkh lqiruphg sduw| +wkh djhqw,
lv udwlrqhg/ zkloh lq rxu vhwwlqj lw lv wkh qrq lqiruphg sduw| +wkh sulqflsdo, zkr lv
udwlrqhg dqg jhwv d uhqw lq htxloleulxp1
Htxloleulxp srvlwlyh surwv duh qdoo| uhplqlvfhqw ri d jhqhudo uhvxow lq wkh phfkd0
qlvp ghvljq olwhudwxuh/ qdpho| wkdw exgjhw euhdnlqj phfkdqlvpv duh jhqhudoo| zhoiduh
hqkdqflqj lq wkh suhvhqfh ri h{whuqdolwlhv dprqj sulydwho| lqiruphg djhqwv1 Wkh ixq0
gdphqwdo frqwulexwlrq ri Kropvwurp +4<;5, vkrzhg wkdw exgjhw euhdnlqj phfkdqlvp
jhqhudoo| lpsuryh lqfhqwlyhv lq whdp surgxfwlrq zlwk prudo kd}dug1 Lq wklv frq0
wh{w/ wkh qrq phdvxudelolw| ri wkh lqglylgxdo frqwulexwlrqv wr wkh froohfwlyh rxwsxw
+wkh qrq0vhsdudelolw| ri wkh surgxfwlrq ixqfwlrq, lpsolhv wkdw ihdvleoh sd|rv wr rqh
djhqwv ghshqg rq wkh hruw h{huwhg e| doo rwkhuv1 Lq wkh Kropvwurp prgho/ krzhyhu/
54wkh uvw ehvw +ru vhfrqg ehvw, doorfdwlrq lv dfklhydeoh wkurxjk d phfkdqlvp lqgxflqj
sulqflsdov* surw ru orvvhv rxw ri htxloleulxp +l1h1 li djhqwv fkrrvh rxw ri htxloleulxp
dfwlrqv0hruwv, exw vxfk wkdw sulqflsdov jhw }hur surw jlyhq wkh htxloleulxp dfwlrqv1
Xqghu wklv phfkdqlvp/ djhqwv frqvxph h{dfwo| zkdw wkh| surgxfh1 Lq rxu vhwwlqj/
lq frqwudvw/ wkh whfkqrorj| lv ixoo| vhsdudeoh/ dqg sulqflsdov pdnh srvlwlyh surw lq
htxloleulxp1
91 Frqfoxvlrq
Rxu sdshu vwxglhv dq hfrqrp| lq zklfk lghqwlfdo djhqwv lqwhudfw zlwk olqhdu sulqfl0
sdov lq d prudo kd}dug frqwh{w zlwk revhuydeoh wudghv1 Wklv hfrqrp| lv vxffhvvlyho|
frqvlghuhg iurp wzr ylhzsrlqwv1 Zh uvw dgrsw d *vwudwhjlf* shuvshfwlyh1 Wkh pdlq
uhvxow/ khuh/ lv wkh h{lvwhqfh ri EUV htxloleuld lq zklfk wkh surgxfhuv/ doehlw xvlqj d
frqvwdqw uhwxuq wr vfdoh whfkqrorj|/ pdnh srvlwlyh surwv dqg kdyh d udwlrqhg hhf0
wlyh vxsso| dw htxloleulxp1 Zkhq rqo| ghwhuplqlvwlf frqwudfwv duh hqirufhdeoh/ wklv
frqfoxvlrq rewdlqv lq wkh devhqfh ri djjuhjdwh xqfhuwdlqw|/ xqghu vlpsoh dqg idluo|
jhqhudo dvvxpswlrqv rq suhihuhqfhv dqg whfkqrorjlhv> qdpho|/ wkh pdujlqdo xwlolw| ri
frqvxpswlrq pxvw lqfuhdvh zlwk ohlvxuh/ hvshfldoo| zkhq lqfrph lv kljk1 Wr wkh ehvw
ri rxu nqrzohgjh/ wklv uhvxow lv qhz/ dqg pd| vkhg d qhz oljkw rq wkh surshuwlhv ri
vwudwhjlf frpshwlwlrq xqghu prudo kd}dug lq vlwxdwlrqv zkhuh h{rjhqrxv olplwdwlrqv
suhyhqw wkh xvh ri udqgrpl}hg frqwudfwv1
D vhfrqg uhvxow lv wkdw zkhq udqgrpl}hg frqwudfwv duh doorzhg iru/ srvlwlyh surw
htxloleuld pd| vwloo dsshdu/ dowkrxjk qrw lq wkh devhqfh ri djjuhjdwh xqfhuwdlqw|1
Khqfh wkh jhqhudo lqwxlwlrq wkdw frpshwlwlrq gulyhv surwv wr }hur pd| idlo wr krog lq
dq dv|pphwulf lqirupdwlrq frqwh{w/ hyhq zlwk wrwdoo| xquhvwulfwhg frqwudfw vsdfhv1
Wkhvh uhvxowv kdyh d frxqwhusduw lq wkh dowhuqdwlyh/ jhqhudo htxloleulxp shuvshf0
wlyh1 Zkhqhyhu EUV htxloleuld hqwdlo srvlwlyh surwv/ wkh vwdqgdug Zdoudvldq frqfhsw/
zklfk lpsrvhv pdunhw fohdulqj/ fdqqrw eh lqwhusuhwhg dv d uhgxfhg irup htxloleulxp ri
d jdph lq zklfk djhqwv vhw sulfhv lq rughu wr h{sorlw srwhqwldo jdlqv iurp wudgh1 Wkdw
lv/ d surgxfhu dqg d zrunhu fdq surwdeo| ghyldwh iurp wkh Zdoudvldq htxloleulxp
e| h{fkdqjlqj rxw0ri0htxloleulxp frqwudfwv dw uhodwlyh sulfhv wkdw duh qrw frpsdwleoh
zlwk Zdoudvldq pdunhw fohdulqj1
Rqh lpsruwdqw uhodwhg srlqw lv wkdw/ rqfh udwlrqlqj hphujhv/ frqwudfwv pxvw eh
doorfdwhg dprqj wkh djhqwv lq wkh udwlrqhg vlgh ri wkh pdunhw +wkh vxsso| vlgh lq rxu
prgho, lq d zd| wkdw lv qrw hqwluho| ghwhuplqhg e| pdunhw sulfhv1 Wkh suhflvh irup
ri wkh htxloleulxp zloo w|slfdoo| ghshqg rq wkh sduwlfxodu udwlrqlqj vfkhph dgrswhg
0 d fkrlfh wkdw qhfhvvdulo| lqyroyhv vrph ghjuhh ri duelwudulqhvv1 Krzhyhu/ zkloh
glhuhqw udwlrqlqj vfkhphv pd| ghfhqwudol}h glhuhqw doorfdwlrqv/ wkh phuh h{lvwhqfh
ri udwlrqlqj lv sxuho| hqgrjhqrxv1 Lq vlwxdwlrqv vlplodu wr wkh rqh zh mxvw ghvfulehg/
udwlrqlqj lv d qhfhvvdu| frqvhtxhqfh ri wkh dvvxphg devhqfh ri surwdeoh ghyldwlrqv
wkdw ghqhv Qdvk htxloleuld1 Lq wkdw vhqvh/ lw hphujhv dv d e|0surgxfw ri lqglylgxdo
udwlrqdolw| 0 dqg vshflfdoo| ri wkh djhqwv* delolw| wr lpsohphqw dq| w|sh ri wudghv
wkdw wxuq rxw wr eh pxwxdoo| ehqhfldo1 Wklv ihdwxuh lv wr eh frqwudvwhg/ lq sduwlfxodu/
zlwk wkh vr0fdoohg *glvhtxloleulxp* dssurdfk lqlwldwhg e| Ehqdvv| +4<:8,/ Guh}h +4<;5,
dqg rwkhuv/ zkhuh udwlrqlqj zdv d frqvhtxhqfh ri h{rjhqrxvo| lpsrvhg uhvwulfwlrqv
55rq sulfh pryhphqwv +w|slfdoo|/ sulfhv zhuh dvvxphg uljlg +dw ohdvw lq wkh vkruw uxq,/
doehlw sulfhv fkdqjhv zrxog kdyh lpsuryhg zhoiduh,1
Wzr txhvwlrqv uhpdlq rshq dw wklv vwdjh1 Rqh frqfhuqv wkh urexvwqhvv ri rxu uh0
vxowv1 Dowkrxjk rxu vhwwlqj lv kljko| vshflf +wzr rxwfrphv/ wzr hruw ohyhov/ lghqwlfdo
djhqwv, rxu uhvxowv fdq eh h{whqghg wr pruh jhqhudo hqylurqphqwv +vhh Ehqqdugr0
Fkldssrul 4<<<,1 Vlploduo|/ wkh h{foxvlylw| dvvxpswlrq fdq eh ylhzhg dv lpsrvlqj
dq h{wuhph irup rq qrq0olqhdu sulflqj> krzhyhu/ lw fdq eh uhsodfhg zlwk wkh ploghu
k|srwkhvlv wkdw frqwudfwxdo whupv ri wudghv duh yhuldeoh dw vx!flhqwo| orz frvwv dqg
qrq olqhdu +exw qrw qhfhvvdulo| h{foxvlyh, frqwudfwv duh hqirufhdeoh1 Ilqdoo|/ zh gr
eholhyh wkdw rxu frqfoxvlrqv duh e| qr phdqv sdwkrorjlfdo/ dqg wkdw rq wkh frqwudu|
wkh| duh olnho| wr krog lq pdq| +vx!flhqwo| frpsoh{, vhfrqg ehvw frqwh{wv1 D jhqhudo
surshuw| lv wkdw frpshwlwlrq dprqj sulqflsdov uhvxowv lq htxloleulxp doorfdwlrqv zklfk
pd{lpl}h djhqw*v zhoiduh vxemhfw wr vhyhudo frqvwudlqwv/ lqfoxglqj qrq qhjdwlyh surwv
dqg lqfhqwlyh frpsdwlelolw| frqglwlrqv1 Krzhyhu/ wkhuh lv vlpso| qr jhqhudo dujxphqw
vxjjhvwlqj wkdw wkh qrq qhjdwlyh surw frqvwudlqw vkrxog eh elqglqj lq doo fdvhv1
Wkh vhfrqg ixqgdphqwdo lvvxh frqfhuq wkh prgholqj ri vwudwhjlf lqwhudfwlrqv eh0
wzhhq glhuhqw w|shv ri djhqwv + srvvleo| lqfoxglqj odujh lqwhuphgldulhv, lq d ixoo|
ghyhorshg jhqhudo htxloleulxp prgho zkhuh djhqwv lqwhudfw lq vhyhudo pdunhwv dqg
vhyhudo frpprglwlhv duh srvvleo| surgxfhg dqg h{fkdqjhg1 D qdwxudo txhvwlrq/ lq
wklv frqwh{w/ lv zkhwkhu d uhgxfhg irup htxloleulxp frqfhsw fdq eh ghqhg dqg xvhg1
E| uhgxfhg irup/ zh phdq d prgho wkdw/ zkloh devwudfwlqj iurp wkh ghwdlohg jdph
wkhruhwlf vshflfdwlrq ri wkh wudglqj phfkdqlvpv/ fdq vhohfw d vhw ri doorfdwlrqv wkdw
frlqflghv zlwk wkh Qdvk htxloleulxp rxwfrphv ri d fodvv ri jdphv lq zklfk pd{lpl}0
lqj djhqwv dqg upv h{sorlw duelwudjh srvvlelolwlhv e| fkrrvlqj wkhlu wudglqj sodqv1
Wkhvh txhvwlrqv duh dgguhvvhg lq Ehqqdugr +4<<:/ 5334, zkhuh wkh Ed|hvldq shuihfw
htxloleuld ri d pxowlfrpprglw| jhqhudo htxloleulxp hfrqrp| zlwk prudo kd}dug duh
fkdudfwhul}hg/ dqg d +uhgxfhg irup, htxloleulxp frqfhsw lv dovr sursrvhg/ wkdw uhsodfhv
Zdoudvldq pdunhw fohdulqj zlwk wkh Qdvk0w|sh uhtxluhphqw ri devhqfh ri surwdeoh
ghyldwlrqv1
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D1 Surri ri ohppd 514
Qrwh uvw wkdw/ iurp Dvvxpswlrq G/
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AIurp wkh lpsolflw ixqfwlrq wkhruhp/ +D15, ghqhv +zkhq lw dgplwv vroxwlrqv, fe
dv d frqwlqxrxvo| glhuhqwldeoh ixqfwlrq ri fd dqg K1 D uvw frqvhtxhqfh ri +D14,
lv wkdw/ iru dq| jlyhq fd/ fe lv d ghfuhdvlqj ixqfwlrq ri K1 Frqvlghu/ qrz/ fe dv d

























Lq wklv iudfwlrq/ wkh ghqrplqdwru lv vwulfwo| srvlwlyh1 Frqvlghu/ qrz/ wkh qxphu0
dwru/ vd| Q1 D uvw uhpdun lv wkdw/ zkhq fd lv vpdoo/ Q lv srvlwlyh +wklv lv d gluhfw

































AIurp Dvvxpswlrq G/ wklv lpsolhv wkdw Q lv qhjdwlyh iru fd odujh hqrxjk> wkhq
K lv ghfuhdvlqj1
Wkxv K lv lqfuhdvlqj iru fd vpdoo hqrxjk/ ghfuhdvlqj iru fd odujh hqrxjk/ dqg
frqwlqxrxvo| glhuhqwldeoh lq ehwzhhq1 Khqfh lw kdv rqh +joredo, pd{lpxp ydoxh +dqg
srvvleo| vhyhudo orfdo pd{lpd,>  fd +K, fruuhvsrqgv wr wkh juhdwhvw orfdo pd{lpxp1







Wklv htxdwlrq grhv qrw ghshqg rq K1 Khqfh wkh ydoxhv ri fd dw zklfk wkh pd{0
lpd duh uhdfkhg duh wkh vdph iru doo fxuyhv K= Qrwh wkdw li wkh udwlr
Cx+f>hk,@Cf
Cx+f>ho,@Cf lv
prqrwrqlf/ wkhuh h{lvwv rqh orfdo +dqg joredo, pd{lpxp rqo|1
57E1 Surri ri sursrvlwlrq 515
Zh uvw hvwdeolvk wkh iroorzlqj Ohppd=
Ohppd E141 Iru dq| jlyhq  K/ wkhuh h{lvw d ydoxh yd   K

vxfk wkdw iru dq| K   K/
dw dq| srlqw +fd>f e, rq wkh lqfhqwlyh iurqwlhu K zlwk fd Ay d   K

/ wkh vorsh ri wkh
djhqw*v lqglhuhqfh fxuyh wkurxjk +fd>f e,/ dvvxplqj hruw hk/ lv qhjdwlyh dqg vpdoohu
+lq devroxwh ydoxh, wkdq wkdw ri K1
Surri ri wkh Ohppd

















































Iru fd odujh hqrxjk/ wkh ohiw kdqg vlgh whup jrhv wr }hur/ zkloh wkh uljkw kdqg
vlgh whup lv erxqghg dzd| iurp }hur1 Lqghhg/ iurp Ohppd 514/   K lv erxqghg deryh
lq wkh +fd>f e, sodqh/ dqg wklv xsshu erxqg lv dovr dq xsshu erxqg iru doo K zlwk
K   K1 Khqfh wkh frqfoxvlrq1
Ohppd E14 hvvhqwldoo| vwdwhv wkdw/ iurp dq| srlqw rq K zkhuh fd lv odujh hqrxjk
+vr wkdw K lv ghfuhdvlqj lq wkh

fd>f e
sodqh,/ dq djhqw zkr lv frqvwudlqhg wr pryh
dorqj K dozd|v suhihuv wkh gluhfwlrq lq zklfk fd lv uhgxfhg +dqg fe lv lqfuhdvhg,1
Zh fdq qrz frqfoxgh wkh surri ri wkh Sursrvlwlrq1 Li NK lv erxqghg/ wkh uhvxow










+fd>f e, rq K vxfk wkdw fd Ay d +K,1 Wkhq wkh frqwudfw wkdw pd{lpl}hv h{shfwhg
xwlolw| rq N pxvw ehorqj wr wkh vhw




Wklv vhw lv frpsdfw/ khqfh wkh uhvxow1 D fkdudfwhul}dwlrq ri f +K, lv wkdw wkh
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Slfn xs wzr ydoxhv K4 dqg K5 vxfk wkdw K4 .+ 4 ,K5 @3 1G h  q hyd +Kv, dv lq




Sfd .+ 4 S,fe
Ohw +a fd
v>a fe
v, ghqrwh wkh htxloleulxp frqvxpswlrqv lq vwdwh v fruuhvsrqglqj wr +\4>\ 5,/






@  Kv>v@4 >51 Vlqfh K4 .+ 4 ,K5 @   K4 .
+4  ,  K5 @3 /z hk d y hw k d wKv   Kv iru dw ohdvw rqh v1 Wkhq   Kv lv ehorz Kv/d q g
vlqfh iurp Ohppd E14 a fd
v ?y d +Kv,/l wp x v we hw k hf d v hw k d w
Sa fd
v .+ 4 S,a fe
v ?  \v
G 1S u r r ir iS u r s r v l w l r q6 1 8
Wdnh vrph jlyhq/ *odujh* \41 Zh uvw vkrz wkdw iru \5 dqg +S  s, vpdoo hqrxjk/
wkh ghwhuplqlvwlf htxloleulxp lv vxfk wkdw surw lv }hur lq wkh edg vwdwh 51 Dvvxph
qrw/ dqg ghqh a Kv dv deryh1 Zh vkrz wkdw e| uhgxflqj a K5 e| gK/ khqfh uhod{lqj
wkh lqfhqwlyh frqvwudlqw lq vwdwh 5/ zkloh lqfuhdvlqj a K4 e| 4
 =gK/ rqh fdq lqfuhdvh
zhoiduh/ zklfk frqwudglfwv wkh h!flhqf| ri wkh htxloleulxp1 Wkh fkdqjh gK jhqhudwhv
d jdlq gZ5 lq vwdwh 5 dqg d orvv gZ4 lq vwdwh 41 Ghqh
Z +K,@ p d {
I+fd>fe,@K








Cf  +4  s,
Cx+fe>ho,
Cf
Li \5 lv vpdoo/ vr lv fe












Li \4 lv odujh/ rq wkh rwkhu kdqg/ fe














+4  s,  +4  S,
=gK
Zkhq S  s lv vpdoo hqrxjk/ gZ5 A gZ4/T H G 1
Vwduwlqj iurp wkh ghwhuplqlvwlf htxloleulxp/ zh qrz frqvlghu uvw wkh frqvhtxhqfhv
ri wkh lqwurgxfwlrq ri vrph lqqlwhvlpdo h{ dqwh udqgrpl}dwlrq/ dv ghvfulehg lq vxe0
vhfwlrq 6151 Vzlwfklqj iurp wkh ghwhuplqlvwlf htxloleulxp wr d udqgrpl}hg frqwudfw
ri wklv nlqg kdv d ehqhw gE4 lq vwdwh 4 dqg d frvw gE5 lq vwdwh 5> iru 4   vpdoo
hqrxjk/ erwk wkh ehqhw dqg wkh frvw duh lqqlwhvlpdo/ dqg sursruwlrqdo wr 4   dw
wkh uvw rughu1 Zh qrz frpsduh wkh uvw rughu ehqhw dqg frvw1 Lq vwdwh 4/ wkh ehqhw
frphv iurp wkh idfw wkdw/ zlwk suredelolw| 4  / wkh djhqw jhwv d odujh frqvxpswlrq







gE4 @+ 4 ,=x
zkhuh
x @ x+F>ho, 

Sx+a fd
4>h k,.+ 4 S,x+a fe
4>h k,

Lq vwdwh 5/ wkh wrwdo dprxqw ri uhvrxufhv dydlodeoh lv ghfuhdvhg e| +4  ,
 \5   |5

>
gE5 fdq eh dssur{lpdwhg e| d surgxfw ri wkh irup +4  ,
 \5   |5

N/ zkhuh N
lv uhodwhg wr wkh h{shfwhg pdujlqdo xwlolw| ri lqfrph lq wkdw vwdwh +whfkqlfdoo|/ N lv
odujhu wkdq wkh orzhu erxqg ri pdujlqdo xwlolw| ri lqfrph lq vrph qhljkerukrrg ri
wkh frqwudfw lq vwdwh 5,1 Qrwh wkdw li  \5 lv vpdoo hqrxjk/ N lv duelwudulo| odujh1
Zkhq  jrhv wr 4/ wkh frqvxpswlrq ohyho F jrhv wr lqqlw|1 Li x lv xqerxqghg/
x jrhv wr lqqlw|/ dqg vr grhv gE4/ zkhuhdv gE5 uhpdlqv erxqghg> wkh uvw rughu
hhfw ri wkh udqgrpl}dwlrq lv srvlwlyh1 Li/ rq wkh rwkhu kdqg/ x lv erxqghg e| vrph
 x/ wkhq x lv erxqghg e|  x 

Sx+a fd
4>h k,.+ 4 S,x+a fe
4>h k,

1I r u \5 vpdoo hqrxjk/
wkh pdujlqdo xwlolw| ri lqfrph whup N lv duelwudulo| odujh/ dqg wkh uvw rughu hhfw ri
wkh udqgrpl}dwlrq lv qhjdwlyh1
Ilqdoo|/ frqvlghu wkh fdvh ri d qrq lqqlwhvlpdo h{ dqwh udqgrpl}dwlrq1 E| wkh
vdph dujxphqw xvhg deryh/ wkh jdlq lw jhqhudwhv lv erxqghg deryh vlqfh x lv
erxqghg1 Rq wkh rwkhu kdqg wkh frvw ri d qrq0lqqlwhvlpdo udqgrpl}dwlrq pxvw
eh vwulfwo| odujhu wkdq wkdw ri dq lqqlwhvlpdo rqh/ dv lw lv lpphgldwh wr yhuli|/ dqg
ehfrphv duelwudulo| odujh iru  \5 vpdoo hqrxjk1 Khqfh zh fdq frqfoxgh wkdw qr h{ dqwh
udqgrpl}dwlrq fdq eh surwdeoh1
5:Uhihuhqfhv
Duqrww/ U1/ dqg Vwljolw} M1H1/ Htxloleulxp lq Frpshwlwlyh Pdunhwv zlwk Prudo
Kd}dug/ glvfxvvlrq sdshu 7/ Mrkq P1 Rolq Surjudp iru wkh Vwxg| ri Hfrqrplf Ru0
jdql}dwlrq dqg Sxeolf Srolf|1 Sulqfhwrq Xqlyhuvlw|/ 4<;:1
Duqrww U1/ dqg Vwljolw}/ M1H1/ Wkh Edvlf Dqdo|wlfv ri Prudo Kd}dug/ Vfdq0
glqdyldq Mrxuqdo ri Hfrqrplfv/ <3/ 4<;;/ ss1 6;607461
Duqrww/ U1/ dqg Vwljolw}/ M1H1/ Udqgrpl}dwlrq zlwk Dv|pphwulf Lqirupd0
wlrq/ Udqg Mrxuqdo ri Hfrqrplfv/ Y1 4</ 4<;;/ ss1 40571
Duqrww/ U1 dqg Vwljolw}/ M1H1/ Sulfh Htxloleulxp H!flhqf|/ dqg Ghfhqwudol}0
delolw| lq Lqvxudqfh Pdunhwv zlwk Prudo Kd}dug/ Fkdluh g*ìfrqrplh hw g*ìfrqrpìwulh
gh o*dvvxudqfh/ Zrunlqj Sdshu GHOWD 38/ 4<<61
Duurz/ N1M1/ Wkh Rujdql}dwlrq ri Hfrqrplf Dfwlylw|= Lvvxhv Shuwlqhqw wr wkh
Fkrlfh ri Pdunhw Yhuvxv Qrqpdunhw Doorfdwlrq/ lq Wkh Hydoxdwlrq dqg Dqdo|vlv ri
Sxeolf H{shqglwxuhv= Wkh SEE V|vwhp/ Mrlqw Hfrqrplf Frpplwwhh Frpshqglxp/
<4 Frqjuhvv Vhvvlrq/ Yro1 4/ 4<9<1
Duurz/ N1M1/dqg Kdkq I1/ Jhqhudo Frpshwlwlyh Dqdo|vlv/ Kroghq Gd|/ 4<:41
Ehqdvv| M1S1/ Wkh Hfrqrplfv ri Pdunhw Glvhtxloleulxp Dfdghplf Suhvv/Q h z
\run/ 4<;51
Ehqqdugr/ D1/ Frpshwlwlyh Htxloleuld dqg Sduhwr Rswlpd lq Pxowlfrpprglw|
Hfrqrplhv zlwk Prudo Kd}dug/ Plphr/ 4<<:1
Ehqqdugr/ D1/ dqg S1D1 Fkldssrul/ Jhqhudo htxloleulxp xqghu dv|pphwulf
lqirupdwlrq= frpshwlwlrq/ srvlwlyh surwv dqg zhoiduh0ghfuhdvlqj pdunhw fohdulqj/
Zrunlqj Sdshu/ Xqlyhuvlw| ri Fklfdjr/ 4<<<1
Ehvwhu/ K1/ Vfuhhqlqj yhuvxv Udwlrqlqj lq Fuhglw Pdunhwv zlwk Lpshuihfw Lqiru0
pdwlrq/ Dphulfdq Hfrqrplf Uhylhz/ :8/ ;8308/ 4<;81
Elvlq/ D1/ dqg Jxdlwrol/ G1/ Prudo Kd}dug dqg Qrq0H{foxvlyh Frqwudfwv /
FHSU Z1S1/ 4<<;1
Elvlq/ D1 dqg Jrwwdugl/ S1/ Frpshwlwlyh Htxloleuld zlwk Dv|pphwulf Lqiru0
pdwlrq/ Mrxuqdo ri Hfrqrplf Wkhru| y;:/ q4 +Mxo| 4<<<,= 407;
5;Elvlq/ D1 dqg Jrwwdugl/ S1/ H!flhqw Frpshwlwlyh Htxloleuld Zlwk Dgyhuvh
Vhohfwlrq/ plphr/ Q\X/ 5333
Eurzqlqj/ Pduwlq dqg Frvwdv Phjklu / Wkh Hhfwv ri Pdoh dqg Ihpdoh
Oderu Vxsso| rq Frpprglw| Ghpdqgv/ Hfrqrphwulfd/ 8<+7,/+4<<4,/ <580841
Fduplfkdho/ O1/ Fdq Xqhpsor|phqw Eh Lqyroxqwdu|B Frpphqw Dphulfdq
Hfrqrplf Uhylhz :8/ 8/ 4<;8/ ss14546045471
Fkdvvdjqrq/ D1/ dqg S1D1 Fkldssrul/ Lqvxudqfh xqghu Prudo Kd}dug dqg
Dgyhuvh Vhohfwlrq= Wkh Frpshwlwlyh Fdvh/ plphr/ GHOWD/ 4<<:1
Gheuhx/ J1/ Wkhru| ri Ydoxh/ \doh Xqlyhuvlw| suhvv/ 4<8<1
Guh}h M1/ H{lvwhqfh ri dq H{fkdqjh Htxloleulxp xqghu Sulfh Uljlglwlhv Lqwhu0
qdwlrqdo Hfrqrplf Uhylhz/ 49/ 4<:8/ ss163406531
Jdoh/ G1/ Htxloleuld dqg Sduhwr Rswlpd ri Pdunhwv zlwk Dgyhuvh Vhohfwlrq
Hfrqrplf Wkhru| :/ 4<<9/ ss1 53:0691
Jmhvgdo/ I1/ Lqirupdwlrq dqg Lqfhqwlyhv= Wkh Djhqf| Lqirupdwlrq Sureohp/
Uhylhz ri Hfrqrplf Vwxglhv 7</ 4<;5/ ss1 6:606<31
Jroolhu/ F1/ Wkh Hfrqrplfv ri Ulvn dqg Wlph/ Plphr/ 4<<<1
Juhhqzdog E1/ dqg Vwljolw} M1/ H{whuqdolwlhv lq Hfrqrplhv zlwk Lpshuihfw Lq0
irupdwlrq dqg Sulfh Uljlglwlhv Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 434 +5, 4<;9/ ss155<0
5971
Jurvvpdq/ V1 dqg R1 Kduw/ Dq Dqdo|vlv ri wkh Sulqflsdo0Djhqw Sureohp/
Hfrqrphwulfd/ Y1 8:/ 4<;6/ ss1 40781
Jxhvqhulh/ U1/ Wkh Duurz0Gheuhx Sdudgljp Idfhg zlwk Prghuq Wkhrulhv ri
Frqwudfwlqj= D Glvfxvvlrq ri Vhohfwhg Lvvxhv Lqyroylqj Lqirupdwlrq dqg Wlph/ Wkh
Qreho v|psrvld/ 4<<5/ Edvlo Eodfnzhoo1
Kdkq/ I1 Rq Htxloleulxp zlwk Pdunhw Ghshqghqw Lqirupdwlrq Txdqwlwdwlyh
Zluwvfkdiwvfkxq/ H Khopvwdgohu dqg U1 Khqq Hg1/ 4<:;1
Kduw/ R1 dqg Kropvwurp/ E1/ Wkh Wkhru| ri Frqwudfwv/ lq W1 Ehzoh| +hg1,
Dgydqfhv lq Hfrqrplf Wkhru|=Iliwk Zruog Frqjuhvv/ Fdpeulgjh Xqlyhuvlw| Suhvv/
4<;:1
Khoozlj/ P1I1/ Rq Prudo Kd}dug dqg Qrq0sulfh Htxloleulxp lq Frpshwlwlyh
Lqvxudqfh Pdunhwv/ 4<;6e/ Xqlyhuvlw| ri Ervwrq glvfxvvlrq sdshu &43<1
5<Khospdq/ H1/ dqg Odrqw M1 M1/ Rq Prudo Kd}dug lq Jhqhudo Htxloleulxp
Mrxuqdo ri Hfrqrplf Wkhru| 43/ 4<:8/ ss1;0561
Mhzlww/ L1/ Mxvwli|lqj wkh Iluvw Rughu Dssurdfk iru Djhqf| Sureohpv Hfrqr0
phwulfd/ 89 +8, 4<;;/ ss1 44::0<31
Pdofrpvrq M1P1/ Zrun Lqfhqwlyhv/ Klhudufk|/ dqg Lqwhuqdo Oderu Pdunhwv/
Mrxuqdo ri Srolwlfdo Hfrqrp|/ <5 +4<;7,/ 7;9083:1
PfOhrg/ E1/ Pdofrpvrq M1/Lpsolflw Frqwudfwv/ Lqfhqwlyh Frpsdwlelolw| dqg
Lqyroxqwdu| Xqhpsor|phqw Hfrqrphwulfd/ 8: +5,/ 4<;</ ss1 77:07;31
Suhvfrww/ H1F1 dqg Wrzqvhqg/ U1P1/ Sduhwr Rswlpd dqg Frpshwlwlyh Htxl0
oleuld zlwk Dgyhuvh Vhohfwlrq dqg Prudo Kd}dug/ Hfrqrphwulfd/ Y1 85/ 4<;7d/ ss1
54078
Suhvfrww/ H1F1 dqg Wrzqvhqg/ U1P1/ Jhqhudo Frpshwlwlyh Dqdo|vlv lq dq
Hfrqrp| zlwk Sulydwh Lqirupdwlrq1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz 4<;7e ss1 40531
Suhvfrww/ H1V1 dqg Wrzqvhqg/ U1P1/ Wkh Wkhru| ri wkh Ilup= Dssolhg
Phfkdqlvp Ghvljq 4<<9/ plphr1
Urwkvfklog/ P1/ dqg M1H1 Vwljolw}/ Htxloleulxp lq Frpshwlwlyh Lqvxudqfh
Pdunhwv= Dq Hvvd| rq wkh Hfrqrplfv ri Lpshuihfw Lqirupdwlrq/ Txduwhuo| Mrxuqdo
ri Hfrqrplfv <3/ 4<:9/ ss1 95<07<1
Vkdslur F1 dqg Vwljolw} M1/ Htxloleulxp Xqhpsor|phqw dv d Zrunhu Glvflsolqh
Ghylfh Dphulfdq Hfrqrplf Uhylhz :7 +6,/ 4<;7/ ss176607771
V h j d oH 1 Frqwudfwlqj zlwk h{whuqdolwlhvTxduwhuo| Mrxuqdo ri Hfrqrplfv/ 447
+5, 4<<</ ss1 66:06;;
Vwljolw}/ M1H1/ Ulvn/ Lqfhqwlyhv/ dqg Lqvxudqfh= Wkh Sxuh Wkhru| ri Prudo Kd}0
dug/ Wkh Jhqhyd Sdshuv rq Ulvn dqg Lqvxudqfh ;/ 4<;6/ ss170661
Vwljolw}/ M1H1dqg O1 Zhlvv Fuhglw Udwlrqlqj lq Pdunhwv zlwk Dv|pphwulf
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